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Abstract. Let G be a finite group and p a prime number. By a theorem of K.S. Brown, the reduced Euler 
characteristic of Sq*, the poset of nonidentity p-subgroups of G , is a multiplum of |G| P , the p-part of the group 
order. We prove here an equivariant version of Brown’s theorem for the case where G is equipped with an action 
of a finite group A. The equivariant version asserts that the reduced Euler characteristic of CL P +* (A), the poset of 

nonidentity A-normalized p-subgroups of G , is a multiplum of |Cg(A)| p , the p-part of the centralizer order. 

We also examine the higher equivariant Euler characteristics Xr(‘5^, + *, G), r > 0, introduced by Atiyah and Segal, 
for the conjugation action of G on Sq^~* . We observe that the rth equivariant Euler characteristics can be computed 
in the class function space from a virtual rational representation of G , the rth Euler class function. The second 
equivariant Euler characteristic is especially interesting in connection with the Knorr-Robinson conjecture. 


1. Introduction 

Let A be a finite group and C a finite A-category. For any subset X of the action group A, the X-centralized 
subcategory, Cc(X), is the subcategory of C consisting of all C-morphisms c d such that c x = c, d x = d and 
(p x = (f for all endofunctors x in X. Atiyah and Segal [4] define the rth, r > 0, equivariant Euler characteristic to 
be the normalized sum 

Xr (C,A) = A £ x(Cc(X)) 

' ' XeC r (A) 

of the Euler characteristics of the X-centralized subcategories as X ranges over the set C r (A) of commuting r-tuples 
in A. We are implicitly assuming for instance that C is an El-category so that X-centralized subcategories have 
Euler characteristics in the sense of Leinster [23]. 
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Alternatively, the equivariant Euler characteristics may be computed in the virtual rational representation ring 
Q <S> Rq(A) of A: The rth equivariant Euler characteristic is the character inner product 

Xr(C,A) = (a r (C,A),\C A l) A 

of the rth Euler class function of (C, A), 

a r (C,A ): A —> Q,x ->■ Xr-i(Cc(x),C A (x)), r > 1, 


and the permutation character \C A \ for the action of A on itself by conjugation (Definition 2.10). 

An especially interesting case of this general set-up arises when G a finite group, p is a prime, and C = Sq^* is 
the Brown poset of nontrivial p-subgroups of G, and A = G acts by conjugation. The G-poset Sq^* has equivariant 
Euler characteristics y r (iS() + *, G) defined for every r > 0. We shall mainly focus on the cases r = 0,1,2 as the 
significance of the higher equivariant Euler characteristics for r > 3 remains unclear (Remark 2.17). It seems that 
these three first equivariant Euler characteristics carry some interesting information. For r = 0 it is immediate from 
the definition that the equivariant Euler characteristic of the Brown poset 

Xo(S p g + *,G) = X (S p g + *)/\G\ 


is simply the usual Euler characteristic divided by the order of G. The strong form of a conjecture by Quillen 
asserts that 

Xo (S£ + *,G) = 0 <*=► O p (G)^ 1 

For r = 1, Webb [38] proved that 

Xi(S p G + *,G) = l 

when <S>£, + * is nonempty. For r = 2, Knorr and Robinson [20, 37] conjecture that 

X 2 (S p G + *,G) = k(G)-z p (G) 


The Knorr-Robinson Conjecture is known to be equivalent to (the non-blockwise form of) Alperin’s Weight Con¬ 
jecture. (See Notation 1.4 for explanations of the symbols fc(G) and z p (G).) 

A little more generally, suppose G is an A-group. The poset S G of p-subgroups is then an A-poset. The objects 
of the centralized subposet G^p (A) are the A-normalized p-subgroups of G. For any such A-normalized p-subgroup 
H of G, the sub-quotient N G (H)/H is an A-group with associated centralized Brown poset, G,,p+* (A). The 

Np ( H )/ H 

main result of this paper explores the local Euler characteristics given by the function H —► — x(Gop+. (A)) 
defined for H £ Ggp(A). It is easy to see that this function vanishes off the poset G 5 p+rad(A) of A-normalized 
G-radical p-subgroups of G (Lemma 3.10). 


Theorem 1.1. Let G be a finite A-group and p a prime. 

(1) If |Gg(A) p | denotes the number of p-singular elements of G centralized by A then 

E - X(C SP+ . (A))|G ff (A)| = |G g (A) p | 

ffec „ +rad (A) 

S G 

(2) For any A-normalized G-radical p-subgroup H of G 

y -x(Ccp+* (A)) = i 

S N G (K)/K y 

H<KeC „p +rad (A) 

S G 

where the sum runs over the set of A-normalized G-radical p-subgroups K containing H. 

(3) If |Gg(A)| p denotes the p-part of the order of the centralizer subgroup then 

|Gg(A)Ux(C 5 p + ,(A)) 

The proof of Theorem 1.1, to be found in §3.2 and §4.2, is obtained by analyzing the Euler characteristics 
of the orbit category O v G of p-subgroups of G and (a category related to) its A-centralized subcategory C 0 p (A) 
(Propositions 4.6, 4.6, 4.25, 4.27). Theorem l.l.(l) expresses the number of A-centralized p-singular elements in G 
as an affine combination of the number of A-centralized elements in the G-radical p-subgroups of G. The divisibility 
statement of Theorem 1.1. (3) follows from this affine relation by induction over group order. 

By the theorem of K.S. Brown [8], reproved by Quillen [27] and Webb [38] among others, the p-part of the group 
order divides the reduced Euler characteristic of the Brown poset. Theorem 1.1. (3) is an equivariant generalization 
of Brown’s theorem. 
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In the special case where A is trivial, item (3) of Theorem 1.1 reduces to Brown’s theorem while item (1), 

(1-2) E -x(S p n + g \h)/h)\H\ = \G p \ 

ffeS£+ rad 

expresses the number of p-singular elements in G as an affine combination of the orders of the G-radical p-subgroups. 
Frobenius proved in 1907 (or even earlier) that \G\ P divides \G P \ [11, 17]. Brown’s theorem, |G| P divides x(S G + *), 
came much later in 1975. The affine relation (1.2) provides a link between these two theorems showing that they 
actually are equivalent (Theorem 4.10). Thus the theorems of Sylow, Frobenius, and Brown are equivalent. 

We note that already in [16, Theorem 6.3] Hawkes, Isaacs, and Ozaydin prove a more general version of Equa¬ 
tion (1.2) and also observe the connection in one direction between the theorems of Brown and Frobenius. 

In Section 5 we compute the second equivariant Euler characteristic x 2 (5q + *, G) for the Mathieu group G = M u 
and check the validity of the Knorr-Robinson conjecture for this group (Example 5.6). We also compute (Table 2) 
the uniquely determined Artin decomposition of the second equivariant Euler class function 

5 2 (S p g + *,G)= E MS E,G)(G) (I 

[c]e[sg'+ cyc ] G 

into Z-linear combinations of the class functions |X g (G) : G| _1 10 where G runs through the set of p-regular cyclic 
subgroups of G (Corollary 3.15). 

1.1. Notation. The following definitions and notation will be used throughout this paper: 

Definition 1.3. Let G be a finite group and p a prime number. 

(1) An element g £ G of order \g\ is p-regular if p \ \g\, p-irregular if p \ \g\, and p-singular if \g\ is a power of 
p [10, Definition 40.2, §82.1] 

(2) A finite group A is p-regular if p\ |A| 

(3) An irreducible C-character on G has p-defect 0 if p does not divide |G|/%(1) [18, p 134] 

(4) O p (G) is the largest normal p-subgroup of G 

(5) A p-subgroup H of G is G-radical if H = O p (Ng(H)) [3] 

Notation 1.4. Let G be a finite group and p a prime number. 

• G p = U Sylp(G) is the set of p-singular elements of G, the union of the Sylow p-subgroups 

• |G| P is the p-part and |G| p / the p'- part of the group order |G| = |G| p |G| p / 

• [G] is the set of conjugacy classes of elements of G 

• fc(G) = | [G] | = | Irr(G)| is the number of irreducible C-characters of G 

• z p (G) = \{ X £ Irr(G) | |G| P | x(l)}| is the number of irreducible C-characters of p-defect 0 

• k p '{G) = |{[p] G [G] | p\ |p|}| is the number of p-regular conjugacy classes in G 

• S G is the poset of subgroups of G and [S G ] is the set of conjugacy classes of subgroups (Section 3) 

• Ng(H,K) = {g £ G | H 9 < K} is the transporter set 

• O g is the orbit category of G with morphism sets O g (H,K) = Ng(H, K)/K (Section 4) 

• J° G is the fusion category of G with morphism sets X G {H, K ) = Cq{H)\N g (H, K) 

• Rc(G ) is the ring of virtual C-characters and Rq{G ) the subring of virtual Q-characters of G [29, 12.1] 

If C is a finite category of subgroups of G then C* C v , C p , C abe , C eab , C rad is the full subcategory of C generated 
by all nonidentity subgroups, p-subgroups, p-regular subgroups, abelian subgroups, elementary abelian subgroups, 
G-radical p-subgroups, respectively. We shall also use various combinations of superscripts; C p+ * +rad , f or instance, 
denotes the full subcategory of C generated by all nonidentity G-radical p-subgroups of G. C(H, K) denotes the set 
of C-morphisms from H to I\ and C(H) = C(H,H) for the C -endomorphism monoid of H. H/C is the coslice of C 
under H and H//C the strict coslice of nonisomorphisms under H [12, Definition 3.2]. 

2. A-CATEGORIES AND A-POSETS 

Let A be a finite group, C a small A-category, and X a subset of A. 

Definition 2.1. The X-centralized subcategory of C is the subcategory, Cc{X), of C with objects Ob(Ge(A)) = 
Gob(C)P0 an( l morphism sets Cc{X)(c, d) = Cct c ,d)(X), c,d£ Ob(Gc(X)). 

In mathematical symbols, the X-centralized subcategory Gc(A') is the subcategory of C consisting of all mor- 

phisms c —£ d in C such that (c —> d) = ( c x > d x ) for all x £ X. In words, the X-centralized subcategory Cc (X) 

is the category of X-stable C-objects with X-stable C-morphisms between them. Gc(A') is an N^(X)-category. 
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If Xi and X 2 are conjugate subsets of A, then their centralizers in C are isomorphic categories. Indeed, Cc ( X 9 ) = 
Cc (X) s for any element g £ A and any subset X C A. 

For later reference we define A-adjunctions between A-categories and note that there are induced Na{X)- 
adjunctions between centralizer categories. 

Definition 2 . 2 . A A-adjunction between the A-categories C and T> is a quadruple ( L,R,r),e ) consisting of A- 
functors, R and L, and A-natural transformations, 77 (the unit) and £ (the counit), 

R 1 

C —V l c ==>■ LR 

C < - V l v <= RL 

L t 


such that the A-natural transformations 

gL 


L 


LRL 


Le 



RLR 


eR 


R 


are the identity transformations. 

Proposition 2.3. Suppose that (L, R, r/,£) is a A-adjunction between the A-categories C and T>. 

BR 

(1) The induced maps ftc < •» RT) are A-homotopy equivalences between A-spaces. 

BL 

(2) There is an induced Na(X)- adjunction between the Na(X)~ categories C'c(X) and Cx>{X) and the induced 

BR 

maps BCc(X) , * BCv(X) are NA(X)-homotopy equivalences between NA(X)-spaces. 

BL 

Example 2.4. Let C 2 = (r) be the group of order two. The product, G x G, of any group G with itself is a 
CVgroup with action given by {gi,g 2 )x = and S GxG is then a CVposet. The product poset S G x Sgisa 

CVposet with action ( Hi,H 2 )t = (H 2l Hi). The (^-adjunction 

R 

S P G x S P G S p GxG ( H 1 ,H 2 )R = Hi x H 2 , HL = (H^,Hn 2 ) 

L 

restricts to an adjunction between Cgp x $p (r) and C$p (r) and restricts further to an adjunction between the 

G G GxG 

posets C s p+» x 5 p+* (t) and C SP +* (r). But S G is isomorphic to C$p x $p (r) and 6 >g + * to C SP + » (r), so we conclude 

G G GxG G G GxG 

that (5^, C S P xG (r)) and (iSg + *, (7^+. (r)) are pairs of adjoint posets. 

2.1. Euler characteristics of A-posets. In this subsection we make a few easy observations about weightings, 
coweightings [23, Definition 1.10], and Euler characteristics of finite A-posets. 

Lemma 2.5. Let S be a finite A-poset. Then the Mobius function y: S x S —» Z, the weighting k *: S -A Z and 
the coweighting k, : S -A Z are A-invariant. 

Proof. Note thet f(r, s) = ( (r a , s a ) for all r,s £ S and a £ A. The function (s, t) —> y{s a , t a ) satisfies the definining 
relations 

E c(r, s)y(s a , n = £ C(r°, s a )y(s a , t a ) = 6 ra ,t* = 8 r , t 

S S 

for (s,t) —t fj.(s,t). It is now clear that the weighting k s = Y)t m( s A) and the coweighting k t = 5^ s /i(s, i) are 
constant on the orbits for the A-action on S. □ 

For any two A-orbits x,y £ S/A and any two elements s,t £ S, let S(s,y) = |{t £ y\s < t}\ be the number of 
successors of s in y and S(x,t) = |{s £ a;|s < f}| the number of predecessors of t in x. 

Definition 2.6. A weighting on S/A is a function k* : S/A — > Z such that ]z y es /,4 <5(s, y)k v = 1 for all s £ S. A 
coweighting on S/A is a function k, : S/A —» Z such that Y^xeS/A (x, t) — 1 for all t £ S. 

Lemma 2.7. Let k*: S/A -A Z be a weighting and k , : S/A —> Z a coweighting on S/A. Then 
k* k 

(1) S —> S/A —> Z is the weighting and S -A S/A —^ Z the coweighting for S 

(2) The Euler characteristic of S is YlxeS /a kx\x\ = x(<S) = Hyes/A \y\k v 
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Proof. Let s be a fixed element of S representing the orbit x = sA of S/A. Then 

^|<S(s,f)| k tA = Y E = E S (s,y)k v = 1 

tes yes/Atey yes /a 

Thus t -A k tA is the weighting for S. The Euler characteristic is x(£) = J2teS ktA = IZyeS/A \v\k v ■ □ 

Corollary 2.8. S/A has a unique weighting and a unique coweighting induced from the unique weighting and 
coweighting on S. 

Proof. Let k* : S -> Z be the unique weighting on S. Since k* is A-invariant (Lemma 2.5) it induces a function 
k v : S/A —► Z on the A-orbits. Since 

i = Y s Mk t = y Y s ^ kV = E s ^y) kV 

t^S y£S/At£y xES/A 

the function k y is a weighting for S/A. Conversely, if k v : S/A — > Z is a weighting for S/A then Lemma 2.7 shows 
that it is induced by the weighting on the poset S. □ 

2.2. Equivariant Euler characteristics of A-categories. As suggested by Atiyah and Segal [4] there is a 
hierarchy of equivariant Euler characteristics x r (C,A), and reduced equivariant Euler characteristics x r (C,A), 
r > 0, given by 

Xr(C,A) = -|- Y x{Cc{x)), Xr(C,^) = |^j Y x(Cc(x)) 

Consult Remark 2.20 for the definition of the set C r (A) of commuting r-tuples in A and for the function <p r (B) 
used in Proposition 2.9 below. If A acts trivially on C then Xr(C,A) equals the usual Euler characteristic x(C) 
multiplied by |C r (A)|/|A| for all r > 0. The relation between the equivariant Euler characteristic and the reduced 
equivariant Euler characteristic is that 

X r (C,A)=x,(C,A)+ |C Ep, r > 0 

We are here implicitly assuming that the centralizer subcategories do have Euler characteristics in the sense of 
Leinster [23]. We note that the equivariant Euler characteristics are invariant under equivariant adjunctions: If the 
A-categories C and T> are El-categories and if there is an A-adjunction between them, then their equivariant Euler 
characteristics coincide. This follows from Proposition 2.3 and the invariance of category Euler characteristic under 
adjunction [23, Proposition 2.4]. 

Proposition 2.9. The rth, r > 1, equivariant Euler characteristic of the A-category C is 
Xr(C,A) = Yxr-i{C c {x),C A {x))\C A {x)\ = Y Xr -1 (C c (x), C A (x)) = Y Xi (Cc(x),C A (x)) = 

1 1 XGA [x]e[A] [x]G[C ,— i(A)] 

= j3i £ x(Ccm V AB)= E 

B65 abe [B]6[SJ.] 

Similar formulas hold in the reduced case. 

Proof. This is immediate from the definition. For instance, 

Xr(C,A) = - 1- Y X(Cc(x Xr-^Xr)) 

(xi,...,x r _l ,X r )eC T (C a{x)) 

= nj E E x{Cc c (x r ){xx,...,x r -i)) = ^Yxr-i{Cc{x),C A {x))\C A {x)\ 

x r £A (xi,...,x r -i)£C r -i(CA{x r )) xEA 

= Y Xr-1 (Cc(x),C A {x)) 

[x]G[A] 

Declare two r-tuples of C r (A) to be equivalent if they generate the same abelian subgroup of A. The number of 
r-tuples in the equivalence class of the abelian subgroup B < A is Therefore we may write 

Xr(C,A) = E Y x(Cc(B))MB) 

Bg5 abe 

where the sum ranges over the abelian subgroups B of A. □ 
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For any subgroup C of A 

\C\ X r(C,C) = '52x(Cc(B))MB)\S A {B,C)\, Y \B\ Xr {C,B)p{B,C) = x{C c {C))<p r {C) 

B B 

by Mobius inversion in the poset S A of subgroups of A. 

Definition 2.10. The rth, r > 1, equivariant Euler class function a r (C,A) of the A-category C is the rational class 
function on A that takes x £ A to 

a r (C,A)(x) = Xr-i{C c (x), C A (x)) 

The reduced Euler class function a r (C, A) is defined similarly using reduced Euler characteristics. 


For any x £ A and any r > 1 the value at x of the rth equivariant Euler class function is 
a r (C,A)(x) =Xr-i(Cc{x),C A (x)) = Y Xr -2 (C c (x,y),C A (x,y)) 

lv]e[C A {x) ] 


and for r = 2, in particular, 

( 2 . 11 ) 


a 2 (C,A)(x) 


E 

b]6[CU(x)] 


x(C c (x,y)) 

\Ca(x,v)\ 


because xo(C,A) = x{C)/\A\. _ _ 

Let (ip,i/j) A = |A|~ X s f2 x< z A T{ x )‘ l l , { x ) = Xq x ]e[A] |CU(£)| _: V( a; )tH ;r ) be the character inner product (symmetric 
bilinear form) in the complex class function space on A [18, Definition 2.16]. The 1-character 1 A is characterized 
by the property that its inner product with any class function ip is the average (<p,l a)a = I^J^ 1 YIx^a v( x ) = 
S[^]e[A] t( x )\A '■ Ca{x )| of the values of p. Let \Ca\ '■ x —t |CU(x)| = |CA(:r _1 )| be the conjugation character: The 
permutation character for the conjugation action of A on itself. The conjugation character is characterized by the 
property that the inner product {tp, [CUl)^ = Xqx]e[A] xv is the sum of the values of <p on the conjugacy classes of 
A. In particular, the inner product of the rth equivariant Euler class function and \Ca\ is the rth equivariant Euler 
characteristic: 

(2.12) (a r (C,A),\C A \) A = Y <* r (C,A)(x)= Y ,V-i (C c (x),C A (x )) Pl0 ^ 9 Xr (C,A) 

[®]e[A] [x]e[A] 

Similarly, the inner product of reduced class function 5 r (C, A) and \C A coincides with the reduced equivariant Euler 
characteristic (C,A). 


2.3. Equivariant Euler characteristics of A-posets. We now specialize from a finite A-category, C, to a finite A- 
poset, S. The order A-set of S is the A-A-set, AS, of all simplices in S (§2.4). The equivariant Euler characteristics 
of a finite A-poset S for r = 0,1, 2 are 

Xo(S, A) = X (S)/|A|, X i(S, A) = X (A S/A), X2 (S, A) = dim Q (K° A (BS) ( 8 ) Q) - dim^K^BS) ® Q) 

according to Proposition 2.13 below for r = 1 and [4] [37, Corollary 2.2] for r = 2. K* A {BS ) is the A-equivariant 
complex ET-theory of the finite A-simplicial complex BS. The corresponding reduced Euler characteristics are 
Xo(S, A) = Xo(<5, A) - |A| _1 , xi(5, A) = xi(«S, A) - 1, and x 2 (S, A) = y 2 (5, A) - k(A) (Remark 2.20). 

The next proposition shows that the first equivariant Euler characteristic of the A-poset S is the usual Euler 
characteristic of the orbit A-set of the A-A-set AS. This implies, as epressed in the following corollary, that the rth 
equivariant Euler characteristic for r > 2 can be expressed by means of the usual Euler characteristics of quotients 
of A-sets of centralizer subposets of S. 


Proposition 2.13. For any subgroup H of A 

Xi(C s (H),C a (H)) = X (A C s (H)/C a (H)) 
A similar formula holds in the reduced case. 


Proof. For any simplicial complex B let B d denote set the of d-dimensional simplices in B. Then 

1 


X (A C s (H)/C a (H)) = ^(-l) d \AC s (H) d /C A (H)\ = £(-l) fl 


d> 0 


d> 0 


\Ca{H)\ 


E 


c. 


A C s (H) d 


( x ) 


1 

\Ca{H)\ 


Y £(-^1 AC's (<H, .)),[ = 


1 


\Ca(H)\ 


x^Ca(H) 

Y x(Cs((H,x))) = xi(C s (H),C a (H)) 


xeC A (H)d >0 1 xeC A (H) 

where the Cauchy-Frobenius Lemma 2.16 justifies the second equality above. 


□ 
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Corollary 2.14. The equivariant Euler characteristics of the finite A-poset S are xi(<S, A) = x(AiS/A) and 

Xr(S,A)= Y X(A Cs{x)/C A {x)) = ±- Y x{^C s {B)/C A {B))\C A {B)\ip r _ x {B) 

[x]G[CV_i(A)] 

for r > 2. The first sum is taken over the set [G r _i(A)] of conjugacy classes of commuting (r — 1 )-tuples in A. 
Proof. Proposition 2.13 with H trivial shows that A) = y(A S/A). Using Proposition 2.9 we get 


X2(S,A) = Y X\{Cs(x),C A {x))\C A {x)\ = Y x{&C s {x)/C A {x))\C A (x)\ 
so that, by induction, 

Xr (5,A) = 1 i f Y x(&C s (x)/C A (x))\C A (x)\= Y X(A C s{x) /C A (x)) 

1 1 xec r _i(A) [x]e[c r _i(A)] 

where the last sum is taken over the set [G r _i(A)] = C r -\(A)/A of conjugacy classes of commuting r-tuples in A 
and r > 2. □ 


Corollary 2.15. The equivariant Euler characteristics x r (5, A) are integers for r > 1 and the equivariant Euler 
class functions a r (<S, A) take integer values for r >2. The same holds in the reduced case. 

Proof. The first Euler characteristic xi(6>,Al) = x(A<S /A) is an integer by Proposition 2.13 since it is the Euler 
characteristic of a finite A-set. By induction, using one of the formulas of Proposition 2.9, we get that Xr(5, A) G Z 
for all r > 1. By applying this result to (Cs(x),C A (x)) we see that the equivariant Euler class function a r (S,A) 
takes integer values on each x G A when r > 2. □ 


Lemma 2.16. [34, Lemma 7.24.5] Let S x A -A A be an action of the group A on the set S. Then 

Y\Cs(a)\ = \S/A\\A\=Y\ C ^\ 

a£_A s£_S 

and the number of orbits is \S/A\ = ^2 seS |C J 4 (s)|/|A|. 

We now specialize even further. When G is a finite group, recall that the Brown G-poset Sq^* is the G-poset of 
nonidentity p-subgroups of G with the conjugation action. 


Remark 2.17 (Equivariant Euler characteristics of the Brown poset with conjugation action). Here are three 
statements about the equivariant Euler characteristics for r = 0,1,2 of the poset 5g + * with conjugation action of 


A = G: 

(1) VG: 

(2) VG: 

(3) VG: 


-Xo(S£ + *,G) = 0 
-Xi(S£ + *,G)= { 


<=► O p (G) ± 1 
0 p | |G| 

1 p j |G| 


-X2 (S p g + *,G) = z p (G) 


Statement (1) is the strong form of Quillen’s conjecture about the vanishing of the reduced Euler characteristic of 
the Brown poset [27, Conjecture 2.9] [19, p. 2667], (2) was proved by Webb [38, Proposition 8.2.(i)] (and sharpened 
by Symonds [35] and later Slominska [31]), and (3) is equivalent (Section 5) to (the non-blockwise form of) Alperin’s 
weight conjecture [37, Theorem 3.1]. 

The significance of the equivariant Euler characteristics XriBc^* ,G) for r > 3 remains unclear. In the case of 
the alternating and symmetric groups the 3rd reduced Euler characteristics —X 3 (S^*, G ) at p = 2 are 


n 4 

5 

6 

7 

8 

9 

10 

-Xa (S 2 A +*,A n ) | 0 

8 

24 

-2 

32 

20 

42 

-x 3 (<s!t*> s 4 1 0 

2 

12 

-2 

10 

11 

16 


For G = GL 3 (F 2 ), the Euler characteristics —X' 3 (£g + *,G) are 12,24,7 at p = 2,3,7 and for G = Mu they are 
29,19,62,35 at p = 2,3,5,11. 

Similarly, the significance of the more general equivariant Euler characteristics xv(5g +> \ A), r > 1, for an A-group 
G remains unclear. (See Remark 3.19.) 
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Using Proposition 2.9, Webb’s computation of xi (5 G + * 5 G) (Remark 2.17. (2)) may be reformulated as either of 
three equivalent identities 

(2.18) £x(G 5S+ ,(*)) = |G|, £ X (C s ^(x))\G:C g (x)\ = \G\, ]T x(C s p + . (x))|G : G g (x)| = 0 

xgg [x]e[G] [x]e[G] 

valid whenever p | |G| (and reminiscent of the class equation). 

Example 2.19. The following two tables list the centralizer indices | G : C G (x)| and the centralizer Euler charac¬ 
teristics x(G 5 p+» (x)) as x runs through the conjugacy classes of G and p runs through the prime divisors of |G| for 
G = GL 3 (F 2 ) of order 168 and the Mathieu group G = Mu of order 7920, respectively. 


|x| 

1 

2 

3 

4 

7 

7 


G : G g (x)| 

1 

21 

56 

42 

24 

24 


X(C S 2 +.(x)) 

-8 

0 

1 

0 

-1 

-1 

0 

x(G 5 3+.(x)) 

27 

3 

0 

-1 

-1 

-1 

0 

x(G S 7+*(x)) 

7 

-1 

1 

-1 

0 

0 

0 


|x| 

1 

2 

3 

4 

5 

6 

8 

8 

11 

11 


G : G g (x)| 

1 

165 

440 

990 

1584 

1320 

990 

990 

720 

720 


x(G 5 2+,(x)) 

-496 

0 

8 

0 

-1 

0 

0 

0 

-1 

-1 

0 

x(G 5 3+,(x)) 

54 

6 

0 

2 

-1 

0 

0 

0 

-1 

-1 

0 

x(C s s+.(x)) 

395 

11 

-1 

3 

0 

-1 

-1 

-1 

-1 

-1 

0 

x(G 5 ii+.(x)) 

143 

-1 

-1 

-1 

3 

-1 

-1 

-1 

0 

0 

0 


Note that all rows satisfy Webb’s relation (2.18). It is no coincidence that y(G 5P +. (x)) = 0 when p divides the 
order of x (Lemma 3.14). 

Remark 2.20 (Commuting r-tuples). For r = 0,1, 2,... let 

C r {A) { ('G > *^2; • • • i X r ) | W, j . [Xj, Xj] 1} 

denote the set of commuting r-tuples in A (with the understanding that Go (A) = {e} is the set consisting of the 
unit element of A). 

Then 10,04)1 = 1, |Gr(A)| = |A|, \C 2 {A)\ = \A\k(A), and 

\C r (A)\ = \A\ Y, k (C A (x)), r> 2 

x£_C r —2 (-A) 

This follows from the recursive relation 

\C r (A)\ = Y \Cr-x{C A {x))\ =Y\ A: GA(s)||C' r _ 1 (C4aO)|, r > 1, 

x£ A [i]6A 

obtained by noting that there are |G,._i(Ga(x))| commuting r-tuples with first coordinate x for any x € A. 

Let also 

M A ) = |{(xi,... ,x r ) e C r (A) | (xi,... ,x r ) = A}| 

be the number of generating commuting r-tuples. Of course, <p r (kl) = 0 for all r unless A is abelian. When A is 
abelian 

‘fir {A) = Y[p r (O p (A)) 

p 

since any abelian group A = O p (A) is the product of its Sylow p-subgroups. Thus ip r is completely determined 
by its values on cyclic p-groups. 

Similar to one of the expressions of Proposition 2.9 we get 

|Gp(A)|= £ p r (B) 

by using the partition of C r (A) into equivalence classes. 
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2.4. Orbit posets and orbit A-sets. This subsection contains remarks about orbit posets of A-posets. 

Definition 2.21. Let S be an A-poset. 

• A simplex in S is a totally ordered subset of S 

• B(5) is the set of simplices in S viewed as an A-simplicial complex 

• A(iS) is the set of simplices in S viewed as an A-A-set 1 [15] 

• sd(5) is the set of simplices in S viewed as an A-poset 

• S is graded if S admits an A-invariant rank function p: S {0,1,2,...} [33, §3.1] 

• S is A-regular if S if s < t, s a < t ==> s = s a holds for all s,t £ S, a £ A [7, p 116] 

Any A-poset S admits an orbit poset S/A and the A-A-set A (S) admits an orbit A-set A(<S)/A. 

Proposition 2.22. Let S be any A-poset. 

(1) sd(5) is an A-poset and x(A(sd(<S))/A) = x(A(<S)/A) 

(2) If S is A-regular then sd(«S)/A = sd(«S/A) and A(«S)/A = A(<S/A) 

(3) If S is graded then sd(<S) is A-regular, and xi(<S, A) = x(sd(«S)/A) 

(4) The first subsdivisionsd(S) is graded, the second subdivision sd 2 (S) is A-regular, and\i{S,A) = x(sd 2 (<S)/A) 


Proof. (1) Since the standard homoemorphism |A(sd(«S))| —> |A(«S)| between the topological realizations of the 
subdivided and the original poset [32, §3, Theorem 9] is A-equivariant by construction, it induces a homeomorphism 
between the A-orbit spaces. 

(2) The poset morphism S — )■ S/A induces a poset morphism sd(«S) —>• sd(<S/A) and a A-set morphism A(«S) —► 
A(5/A). When S is A-regular these induced morphisms induce isomorphisms sd(«S)/A —► sd(«S/A) and A(«S)/A —► 
A(5/A) because {s a | s G a} = {t a \ t £ r} => a A = t a for all simplices a and r in S . 

(3) We must prove that a C r, cr“ C r => a = a a for all simplices a, r in S and a £ A. The elements of 
the totally ordered subset r are determined by their values under the rank function. Subsets of r are therefore 
determined by their images under the rank function. Since the rank function is A-invariant, cr and cr a have the 
same images, so they must be equal. The first equivariant Euler characteristic is 

Xi(S,A) Prop = 213 x(A (S)/A)) ( = } x(A(sd(S))/A) ( = } x (A(sd (S/A))) = x(sd(5)/A) 
because sd(5) is A-regular. 

(4) The dimension function is an A-invariant rank function on sd(<S). The first equivariant Euler characteristic is 

Xi(S,A) Prop = 2 ' 13 x(A(5)/A)) ( = } x(A(sd(5))/A) ( = } X (A(sd 2 (5))/A) ( = } x(A(sd 2 (5)/A)) = x(sd 2 (5/A) 
since sd 2 (S) is A-regular by (3). □ 


For any finite A-group G and any subset A' of A, the A"-centralized Brown poset (X) is a graded iVAA)- 

poset with rank function p given by \H\ = p p ( H l for any A-normalized p-subgroup H of G. Thus the first equivariant 
Euler characteristic of Proposition 2.13 


Xi{C s p.{X),C A {X)) = x(sd (C sPg+ *(X))/C a (X)) 
can be expressed entirely within the category of posets. 

Example 2.23. In case G = GL 3 (F 2 ) and p = 2 the 2-dimensional contractible orbit A-set A (S///~*)/G 


/5 7 6 5 7\ 

A 2355555 5\ 4 4 4 8 9 

V 4 4 4 4 1 3 2 4 A) \l 2 3 1 2/ 

{1,..., 5} .A blpA A, ■ • ■, 9} < = 


{!,•••, 5 } 


is not a simplicial complex as three 1-simplices connect the 0-simplices 4 and 5. In the realization, 2-simplices 1, 4 
and 2,5 form two cones joined along the 1-simplex 4 to which also one edge of 2-simplex 3 is attached. 


1 A A-set is a functor A< —> SET where A< is the category of standard simplices n+ = {0,... ,n}, n = 0,1, 2,..with strictly 

increasing maps. 
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3. The poset of ^-subgroups 

Write S G for the poset of all subgroups of G ordered by inclusion, S G for the poset of all p-subgroups, and Sg + * 
for the Brown poset of all nonidentity p-subgroups of G. 

For any p-subgroup K of G , the poset S K of subgroups of K has both an initial, 1, and a terminal element, 
K. We write S^’ K ' for the poset of nonidentity and proper subgroups of K. The Mobius function on S K is the 
restriction of the Mobius function p, for S G [19, Remark 2.6]. It is well-known that x(S^ < K> ) = p(l, A') when K is 
nontrivial. In fact, if S is any finite poset with Mobius function p, a £ S, b £ S with a < b, and (a, b) and [a, b] are 
the open and closed intervals from a to b , then 

l = x ([a,b])= Y Y MM) + Y MM)+ Y b ) ~ h(a,b) 

a<s,t<b a<s,t<b a<t<.b a<.s<b 

= X(a, b) + 5(a, b) + S(a, b) - p(a, b ) = y(a, b) - p(a, b) 

by the defining properties of Mobius functions [33, 3.3.7]. 

For any p-subgroup H of G we write O g {H) for Ng{H)/H (the automorphism group of H in the orbit category 

Oh)- 


3.1. Euler characteristic of the Brown poset . The arguably most basic fact about the Brown poset is 
its contractibility when O p (G) is nontrivial. 


Lemma 3.1. [27, Proposition 2.4] O p (G) / 1 => S G ~ * => x(<S G ) = 1 

The weighting and the coweighting in the sense of Leinster [23, Definition 1.10] for the Brown poset are known. 
Proposition 3.2. [19, Theorems 1.1 and 1.3] The functions 

k H = -x(H//S p g ) = -x(S P o + g \ h) ), k K = -x(s£’ Kh 


J K 


are a weighting for S G and a coweighting for . The Euler characteristic of SfT* is 

E -x<s£m> = xiS&-) = E -xisl-'"’) 


?P+* 


-tfeS£ + * +rad 


ifeS£ + * +eab 


The weighting is concentrated on the nonidentity G-radical p-subgroups (Lemma 3.1) and the coweighting on 
the elementary abelian p-subgroups [19, Lemma 3.2]. We observed above that the coweighting can also be viewed 
as a Mobius function. Let I\ be any p-subgroup of G. Since the weighting for S G restricts to a weighting for the 
contractible left ideal <Sg- A of p-subgroups of G containing I\ [19, Remark 2.6] there is a relation 


(3.3) 




between the Euler characteristics of the Brown posets of O g (K) = Nq(K)/K for K £ [H, G]. 
Proposition 3.4. The weighting k H : S G —> Z for S G is given by 

kfn^ H is G-radical 


kH 


where k ^ : iSg +lad /G 
G is given by 


0 otherwise 

^p+rad 


CP+* 

o, 


Z is the weighting for S G la /G (Definition 2.6). The coweighting kx- S G 


,p+* 


Z for 


k K = 


fcpq K is elementary abelian 
0 otherwise 


where kyx] : £P+*+ oab —> Z is the coweighting for S^* +eah / G. 

Proof. We noted above that the weighting fc* for S G vanishes off the subposet 6>g +lad of G-radical p-subgroups. If 
H is any G-radical p-subgroup of G, then the inclusion H/ / l Sg +lad c —> H//S G is a homotopy equivalence by Bouc’s 
theorem [6] [12, Theorem 4.2] because 

J//(H//S p G ) gk * «=► J//S p G gk * S p N + * {J)/J gk * Lel ^ 31 J £ H//S p G +rad 
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for any J G H//S G . Thus the weighting for S G on H , k H = —x{H//S G ) = —x(.ff//iS G +rad ), is the weighting for 
iS G + rad Qn The weighting on 5g +lad is invariant under conjugation by G so it induces the unique weighting 

: 5g +lad /G —> Z defined on the set of conjugacy classes of G-radical p-subgroups [H] of G (Corollary 2.8). 

The part about coweightings is clear as the nonidentity elementary abelian p-subgroups form a right ideal in the 
poset of nonidentity p-subgroups (§3.3). □ 


Definition 3.5. When H and K are subgroups of G, S G (H, [K]) is the number of conjugates of K containing H, 
and iS G ([.£/], K ) is the number of conjugates of H contained in K. 

In particular, <S G (1, [A']) = |G : N G (K)\ is the length of K , S g ([H],G) = |G : N G (H)\ is the length of H, and 
S g (H,[G]) = 1=S g ([1],K). 

Lemma 3.6. For any two subgroups H, K of G, 

? (H mv \°g( H ’K)\ , _ \K\ \O g (H,K)\ _ \F a (H,K)\ S g {H,[K]) \N g (H)\ 

G[ \O g {K)\ ’ gU J ’ J \H\ \O g {H)\ \T g {H)\ ’ S a m,K) \Ng(K)\ 

Proof. There is a surjection 

N g (H, K) {J e [H] I J < K }: g -> H 9 
and the fibre over J = H x is {g € G | H 9 = H x } = N G (H)x. Since thus 

N g (H)\N g (H , K) = {J € [H] I J < K}, N g (H, K)/N g {K) = {L g [K] \ H < L} 

we have 

\N g (H)\S g ([H],K) = \N G (H,K)\=S G (H , [K])\N G (K)\ 

and also 

\O g (H,K)\ = \N G (H,K)\\K\~ l =S G (H, [K])\O g (K)\ 

\T g (H,K)\ = \Cg{H)\~ 1 \N g (H, K)\ = \T g (H)\S g ([H],K ) 

This finishes the proof. □ 


The point of Proposition 3.4 is that the weighting k H for S G restricts to the weighting for the G-radical subposet 
^p+iad anc j that the weighting for <S G +lad /G can be computed by solving the linear equation 


(3.7) 


5; 


p+rad 


(H, [AT]) 


ff,[if]e5g +rad /G 


l 



(■\ 

k [K] 

= 

1 

\ 

) 

[A]e5- d /G 

w 


Similarly, the coweighting for S G 
equation 


•p+* 


can be computed entirely inside the subposet S G 


>p-}-*-t-eab 


by solving the linear 


(3.8) 


Vl •■•) (sg +eab ([f7],A')) 


i/,A'e5g +eab /G 


= (••• 1 


If kf K ^ is the weighting for (S G (H, [K])) H KeS P / G and k[ H ] the coweighting for (iS G + *(iJ, [I\])) H KeS P+*/ G , then 
kW/\O p G (K)\ is the weighting for [O g ] and fc[jy]/|J r G + *(ff)| the coweighting for [A G + *] [19, §2.4]. 

Example 3.9. The radical 2-subgroups of GL 3 (F 2 ) 


U 9 = 



U { if = 



u {2} = 



U u = 1 


are indexed up to conjugacy by subsets of the set II = {aq, 0 : 2 } of fundamental roots for the root system A 2 according 
to the Borel Tits theorem [14, Theorem 3.1.3, Corollary 3.1.5]. The weighting k^ Uj ^ = ~x{Uj//S g a (F^)^ = xG^ij*) 

?rad 


for ( f 2) /GL 3 (F 2 ) lists the reduced Euler characteristics of the Levi complements Lj = -/Vgl 3 (f 2 )(F/)/F/ [14, 
Theorem 2.6.5] and is the solution to the linear equation (3.7) 


/1 0 0 o\ 

( l ) 


( l \ 

3 10 0 

-2 


1 

3 0 10 

—2 


1 

\21 7 7 1/ 

w 


w 


where the matrix is the table (S G 1™£ 2 ) (?/./, [U k ]))j,kcyi- In particular, -x(1//Sgl 3 (f 2 )) = _ x(«Sgl 3 (f 2 )) = : 
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The situation is completely different in the cross characteristic case. With computer assistance one finds that 
SL 3 (F 3 ) contains four SL 3 (F 3 )-radical subgroups of orders 16, 8,4,1. The table [K]) and the weighting 

for 3 )/G ! satisfy the linear equation 


(1 

0 

0 

°\ 

t l \ 


( l \ 

3 

1 

0 

0 

-2 


1 

3 

0 

1 

0 

-2 


1 

\351 

117 

234 

V 

\352 J 


w 


In particular, -x(S| F * (F3) ) = 352. 

3.2. Euler characteristics of centralized subposets of . Suppose now that the group A acts on G. The 
centralizer of A in S V G * is the 7Vc;(d)-subposet 

CgP+M) = {Hg S p g +* I [H, A] < H} 

of nontrivial A- normalized p-subgroups H of G (Definition 2.1). 

As in the non-equivariant case (Lemma 3.1) this centralizer poset is contractible as soon as O p (G) is nontrivial. 

Lemma 3.10. O p {G) ^ 1 => C s P+* (A) ~ * x(Csg+* (^)) — 1 

Proof. The characteristic subgroup O p {G) is a nonidentity A-normalized normal p-subgroup of G. The natural 
transformations I\ ^ KO p {G ) A tip(G) link the identity functor to a constant endofunctor of G^p+* (A). □ 

We can easily determine the unique weighting and coweighting in the sense of Leinster [23] on G 5 p+» (A). 

Lemma 3.11. The functions 

k H = -X{C H //S* G {A)) = ^X(C> + . (A)), k K = (A)) 

11 G O q (H) 

are a weighting for Cgp (A) and a coweighting for Cg P +» (A) and the Euler characteristic of Cg g (A) is 

E -xlC s p. (A)) = x (C ss >.(A))= J2 ~x(C sS MA)) 

Hec „ + , +rad (A) G RTeC p+» +e a.b(A) 

where the sum to the left runs over the nonidentity G-radical A-normalized p-subgroups of G and the sum to the 
right over the nonidentity elementary abelian A-normalized p-subgroups of G. 

Proof. The adjunctions of [12, §6], KR = Nx{H)/H and KL = K where K = K/H , 

R 

T T / oP+* - > qP 

<—= - C> O g (H ) 

Ju 


H//S p+ * 


>- qp+* 
~Jf~ *O g (H) 


are A-adjunctions (Definition 2.2) inducing adjunctions 


R 


H/C s p+ . (A) 7 


L 




H/ / C s p+- (A) 


R 




between centralizer posets (Proposition 2.3). In the notation of [12, Theorem 3.7], the weighting for C s v+* (A) is 
k H = -x( H/ / Cs? +.(A)) = -X(C S P+* (A)). 

Ct C> g (H) 

Similarly, the coweighting for G 5 p+.(A) is kx = —x{C s p+*(A))//K). Since Sfff*//K = it is clear that 

C 5S+ , (A))//K = C S p+* //k {A) = C°g,v (A). 

The Euler characteristic of G 5 p+.(A) is the sum of the values of the weighting (coweighting). By Lemma 3.10, 
the weighting of Lemma 3.11 vanishes off the G-radical p-subgroups. 

The argument at the very beginning of this section shows that kx = PaO-,K) where pa stands for the Mobius 
function of the poset G 5 p+»(A). An equivariant version of the argument from [21, Proposition 2.4] shows that 
the Mobius function kx = PaO-,K) for G 5 p+*(A) is nonzero exactly when K is a nonidentity elementary abelian 
p-subgroup. □ 
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Let 5 P+*+ rad ( l sP + * +eab ) be the subposet of nontrivial G-radical p-subgroups (nontrivial elementary abelian 
p-subgroups). Lemma 3.11 shows that the centralizer posets Ggp+.+rad (A) and G 5 »+eab(A) have the same Euler 
characteristic as G 5 p+.(A). They are, in fact, homotopy equivalent: 

Proposition 3.12. The inclusions G 5P +.+eab(A) c —*• C gv +» (A) ■*— J G 5P +»+rad(A) are homotopy equivalences. 


Proof. This proof is similar to that of [12, Theorem 6.1] and goes back to Bouc [6] and Quillen’s Theorem A [26, 
Theorem A]. It suffices to show that only the elementary abelian or the G-radical p-subgroups contribute to the 
homotopy type of C 5 p+*(A). More precisely, it is enough to show that 

K is not an elementary abelian p-subgroup of G => C s p+> (A)//K is contractible 

H is not a G-radical p-subgroup of G => H//C SP +*(A) is contractible 

when H and K are nonidentity A-normalized subgroups of G. In the first case, we use that C s p+-{A)// K = 
C q (i,K) (A). When K is not elementary abelian, the Frattini subgroup &(K) is a nontrivial A-normalized subgroup 
of K and H < H<&{K) > <b(/\) defines a retraction of G c (i,k)(A). In the second case, we use the adjunction 
between H/ /G 5 p+»(A) and C s p+* (A) and recall that the latter poset in contractible when H is not G-radical by 

G Oq(H) 

Lemma 3.10. □ 


Proposition 3.13. The weighting k H : G s g (A) —> Z for G^g (A) is given by 


k H 


k^ H 1 I\ is G-radical 
0 otherwise 


where k ^ : G^p+rad (A) /Nq (A) —^ Z is the weighting for C s p+ rad (A) /Nq (A). The coweighting kx '■ C s p+* (A) —> Z 
for G 5 p+. (A) is given by 


k K = 


k [K ] 

0 


K is elementary abelian 
otherwise 


where fcpq : G 5P +.+aab(A)/A^( 3 (A) —► Z is the coweighting for G 5 p+.+eab(A)/A r G'(A). 

We omit the proof of Proposition 3.13 which is similar to that of Proposition 3.4 with Lemma 3.10 replacing 
Lemma 3.1. 


Proof of Theorem 1.1. (2). Let K be an A-normalized p-subgroup of G. The weighting for Gsg(A) (Lemma 3.11) 
restricts to the weighting for the contractible left ideal C k //s^{A) (§3.3) of A-normalized p-subgroups containing 
K. This means that 

i = x(c K //s»(A))= J2 kH =H W) 

H>K H>K G 

generalizing the nonequivariant Equation (3.3). □ 

The next lemma applies in the special case where A is a subgroup of G acting on S G by conjugation. 

Lemma 3.14. [38, §4] [39, Lemma 2.1.2] If A is a subgroup of G, 

Op{A) ^ 1 =► C s p g+ ,(A) ~ * =► x(G 5g+ ,(A)) = 1 

Proof. The natural transformations K < KO p {A) > O p (A) link the identity endofunctor to a constant endofunctor 
of G 5 p+. (A). The product KO p {A) is a subgroup as A normalizes K. □ 

Corollary 3.15. Consider the Brown poset Sq*~* as a G-poset with the conjugation action. 

(1) The rth, r > 1, reduced equivariant Euler characteristic is a weighted sum of reduced Euler characteristics 

Xr(S’c + ’,G) = P Y mC S gr.(A))Wr(A) = Y. *(( C S8+-(' 4 )))ra4^)j 

yle5g,' +abo [A]e5g' +abo /G 

with contributions only from the p-regular abelian subgroups A of G. 

(2) The rth, r > 2, reduced equivariant Euler class function a r (5g, + *,G) (Definition 2.10,) vanishes off the 
p-regular classes. 
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(3) The rth, r > 2, reduced equivariant Euler class function has the form 


r(S\ 


p g + *,G) = 


E 


[C]G5g' +cyc /G 


2 r (Sg + *,G)([G])_ 

I N G (C) : C | 


L c 


where the sum runs over the set of conjugacy classes [C] of p-regular cyclic subgroups and where the uniquely 
determined Artin coefficients a r (<S> G + *, G)([G]) are integers. 

(4) When r = 2 the Artin coefficients satisfy the equation 

0= ]T Ms p G + *,G)(C)- t 1 


[C]G[Sg' +cyt '] 


\Ng(C)\ 


for all prime divisors p of |G|. 

Proof. (1) Use two of the reformulations of the equivariant Euler characteristic from Proposition 2.9. Lemma 3.14 
implies that only the p-regular abelian subgroups of G contribute to the sum. 

(2) The rth equivariant reduced class function a r (S T ( A*. G) takes x £ G to 

Xr-i (G 5 p+»(x),G g (x)) = 1 E x{G s v+*{{x,y))) 

1 G[X> ' sec r _i(c G W) 

If p divides the order of x, O p ((x,y)) is nontrivial and x(C SP +*((x,y))) = 0 for all y by Lemma 3.14. 

(3) Since the value of 5 r (<S G + *, G) at x £ G only depends on the subgroup (x) generated by x (Definition 2.10), the 
proof of Artin’s induction theorem [18, Theorem 5.21] shows that S r (iS G + *, G) can be decomposed as claimed. Since 
a r (<S> G + *, G) is supported on the p-regular classes, as we saw in item (2), only p-regular cyclic subgroups are used in 
this decomposition. The coefficients are uniquely determined since the class functions 10 as G runs through the set 
of conjugacy classes of cyclic subgroups of G are a basis for the vector space Q <8> Rq(G) of Q-linear combinations 
of rational characters [29, §13.1]. 

(4) The virtual degree of the right hand side of the equation in item (3) is 

V \ G :c\ = \g\ V *,(55*0(0, 1 


[C]GSg ,+cyc /G 


[C]GSg' +cy 7G 


l^ G (G)| 


and on the left side it is a 2 (S G + *, G)(l) = Xi(‘5q + *, G) = 0 by Webb’s theorem [38, Proposition 8.2. (i)]. 


□ 


The Artin coefficients a,-(<S G + *, G)(G) of Corollary 3.15. (3) determine the rth equivariant reduced Euler charac¬ 
teristic as 


(3.16) xAS P G + *,G) = (a r (S p G + \G),\CG\) G = E 


[C]GSg' +cy 7G 


aasr.oioxiJ^ML 


£ 

[C]es^ +cyc /G 




•p+* 


,G)(G)£ 


xec 

x^l 


\Cg(x)\ 

\Ng(C)\ 


because (10, |Gg|) g = (lc, |C G |) G = IG G (a;) : G| by Frobenius reciprocity. Use Corollary 3.15.(4) to get the 

final equality. It is perhaps worth noting that the factor X^xgG \Gg{x)\/\Ng{C)\ from Equation (3.16) is a natural 
number. 


Proposition 3.17. |ATc(^)| | J2 x eH \GgA)\ for any subgroup H < G. 

Proof. Note that the function x — > |G G (a;)| is constant over the orbits for the _/V G (.ff)-action on H. For any element 
xq £ H, the contribution to the sum J2 x r H \Gg{x)\ from the orbit through xq, \Ng{H) : ./V G (.ff)nC G (:ro)||G G (:ro)| = 
\N g (H)\\C g (x 0 ) : C G (x o) C N G (H) |, is a multiplum of \N G (H)\. □ 

Remark 3.18. If A < G with O p (A) and O p (G g (A)) both nontrivial then C 5 p+»(A) ~ * ~ ^Cg(A) are both 
contractible. In particular, 

A < G, P | |A|, A abelian ==> x(G 5 p+.(A)) = 1 = \(S^* (A) ) 

However, when p | |A| and A is nonabelian, the two Euler characteristics may not be equal: Let p = 2, G = E 7 
the symmetric group, and A = E 3 the subgroup A = ((1, 2), (1, 2, 3)) < £7. Then G g (A) = £4, |C G (A)| 2 = 8 , and 
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X(S5g(A)) = 0 since 0 2 (£ 4 ) 7 ^ 1 . However, it turns out that x(Cs 2 +*(^4)) = — 8 . Thus x(C' 5 p+* (-'4)) 7 ^ xG^Cg(A)) 
in this case. 


Remark 3.19. The rth, r > 1, reduced equivariant Euler characteristic is an integer valued function x r (<Sg, + *, —) 
in the second variable (Corollary 2.15) on the set of conjugacy classes of subgroups of G. Proposition 2.9 shows 
that for any subgroup K of G 

Xr{S p G + \K) = -L Y, x(C s r G+ *(A))MA)S G ([A],K) 

[A]e5g' +eab /G 


or, in matrix form, 


x{C S P+*(A))ip r (A) ...) 


AdS* 


°/G 


(.s g ([h],a)) 


AgS£ 
K&S^/G 


°/G 


Xr(S p G + *,K) 


'KgS^/G 


It suffices to let the sum range over the p-singular abelian subgroups of G by Lemma 3.14 and we may replace 
C s p+*(A) by C 5 p+.+rad(H) or C S p+*+eab (A) by Proposition 3.12. When I\ = 1 is the trivial subgroup we get the 

usual reduced Euler characteristic x(5 G + *) and when K = G we get the rth reduced equvariant Euler characteristic 
Xr{S G + *, G) that we have focused on until now. For the alternating group G = A 5 at p = 2 the Euler characteristics 
—Xr(»S G *, AT) for r = 1, 2, 3 and for the subgroups K of G are 


1 K\ 

1 

2 

3 

5 

4 

6 

10 

12 

60 

-Xi(S 2 g +*,K) 

-4 

-2 

-2 

0 

-1 

-1 

0 

-1 

0 

-X2 (S 2 + *,K) 

-4 

-2 

-4 

4 

-1 

-2 

2 

-3 

1 

-Xs (S 2 g + *,K) 

-4 

-2 

-10 

24 

-1 

-5 

12 

-9 

8 


and the simple group G = GL 3 (F 2 ), p = 2 they are 


1*1 

1 

2 

3 

7 

4 

4 

4 

6 

21 

8 

12 

12 

24 

24 

168 

-Xi(S 2 + *,K) 

8 

4 

2 

2 

2 

2 

2 

1 

0 

1 

0 

0 

0 

0 

0 

-X 2 (S 2 g + *,K) 

8 

4 

0 

8 

2 

2 

2 

0 

0 

1 

-2 

-2 

-1 

-1 

1 

-X 3 (S 2 g + *,K) 

8 

4 

-6 

50 

2 

2 

2 

-3 

8 

1 

-8 

-8 

-4 

-4 

12 


No interpretations similar to those of Remark 2.17 of the intermediate Euler characteristics XrOSc ; K), r = 1, 2,3, 
with nontrivial and proper subgroup A are known. 


3.3. Ideals in the centralized poset C s p+*{A). In this subsection we discuss the relation between the centralizer 
subposet C s p +. (A) and the poset of the centralizer subgroup for an H-group G. 

Let S_ and <S + be subposets of a (finite) poset S. By definition, S_ is a left ideal and <S + a right ideal if 

Va, b&S:S_Ba<b => b £ <S_, Va, b £ S : a < b £ S + => a £ S + 

The weighting on the left ideal S_, k a = —x(a/ /S_) = — x(a//S), a £ S_, is the restriction of the weighting 
on S , and the coweighting on the right ideal S + , kb = — x(S+//b) = —\{S//b), b £ S + , is the restriction of the 
coweighting [12, Theorem 3.7] [19, Remark 2.6]. is a left ideal if and only if the complement S, = S — S_ is a 
right ideal. 


Proposition 3.20. Let S be a finite poset. 

(1) Suppose that S = S_ + 6> + where S_ is a left ideal and S + a right ideal. Then 

X{S) = x(«5_) + x(S+) - X{a//S)x(S//b) 

(2) Suppose that S = S 1 U S 2 is the union of two left or right ideals. Then 

x(S) = x(Si) + x(«s 2 ) “ x( 5 i C5 2 ) 

Proof. (1) Simplices in S not entirely contained in S_ or contain b < a for some b £ <S + and some a £ S_. 
They have the form b < a, b < a < ao <•■■ < ad, bo <■■■< b e < b < a, or bo <■■■< b e < b < a < ao <■■■ < ad- 
Their contribution to the Euler characteristic of S is — 1 + x( a //S) + x ($//&) — x( a / /<5)x(<5/ /b) = — (x( a //<S) — 
l)(x(S//b)-l) = -x(a//S)x(S//b). 

(2) Mayer-Vietoris. □ 






16 


JESPER M. M0LLER. 


More generally, in case S = (J ;eJ is the union of finitely many left or right ideals Sj then there is an 
inclusion-exclusion principle 

x(S)= £(-i)'*' _1 x(n S h ) 

KcJ k£K 

as we see by induction from Proposition 3.20. (2). 

Suppose that A is a p-regular group acting on G and let H be an A-normalized p-subgroup of G. Then 
H = [H, A]Ch(A) is the product of the normal commutator subgroup [if, A] and centralizer subgroup G#(A) 
[13, Theorem 5.3.5]. Because 

• H < K H < [AT, A] if [H, A] = H 

• H < K H < C k (A) if [H, A] = 1 

there are adjunctions 

K -s> [K, A] 

51 = {K | [K, A] ± 1} < {H | [H, A] = H} 

H <r- H 

K -»■ C k (A) 

5 2 = {K | C K (A) ? 1} < {H | [H , A] = 1} 

H £- H 

between subposets of C 5 p+. (A). To set up the first adjunction we use that [K, A, A] = [A", A] [13, Theorem 5.3.6]. 
We note that 

{K | [K, A]£l} = {K\ C k (A) + A'}, {H \ [H , A] = 1} = {H \ C H (A ) = H} = S p+ a * {A) 
where we use that [AT, A] = 1 •<=>■ Ck(A) = K. 

Corollary 3.21. Let A be a p-regular group acting on G. 

(1) The left ideal S 1 = {I\ £ G 5 p+»(A) | [A', A] ^ 1} and the subposet {H £ G s p+».(A) \ [H,A] = H} have the 
same Euler characteristics. 

(2) The left ideal S 2 = {AT £ G 5 p+.(A) | Ck(A) 1} and the poset of the centralizer subgroup have the 

same Euler characteristics. 

(3) The difference between the Euler characteristics of the centralizer subposet, C s p+*(A), and the centralizer 
subgroup poset , S^^ A y is 

X(C S P + ,(A)) - x(S p c + a * {A) ) = X ({K £ C 5 p+. (A) | C K (A) $ K}) - X ({K £ C^ffA) I 1 % C K {A) $ AT}) 

Proof. (1) - (2) Adjoint finite posets have identical Euler characteristics [23, Proposition 2.4]. 

(3) Apply Proposition 3.20. ( 2 ) with S = C 5 p+*(A) = <5^ U<S 2 where >S 1 and S 2 are the two left ideals from ( 1 ) - ( 2 ) 

and use that x(S 2 ) = x(S^(U)) b y ( 2 )- D 

The Mayer-Vietoris relation of Corollary 3.21. (3) may also be written as 

X (C 5 p + .(A)) = x({H I [H,A\ = 1 })+x({H | [H,A] = H}) - X ({H | 1 £ C H (A) $ H }) 

This identity is tautological when A is trivial. 

Since the weighting (coweighting) of Cop+* (A) is concentrated on the G-radical p-subgroups (elementary abelian 

G 

p-subgroups) (Lemma 3.11), the left (right) ideals of Corollary 3.21.(l)-(3) have the same Euler characteristics as 
the corresponding left ideals in G 5 P +*+rad(A) (G 5P +»+ea -(A)). 

Corollary 3.22. Let A be a p-regular group acting on G. Suppose that Ck (A) 7 ^ 1 for all nonidentity G-radical 
p-subgroups I< ofG. Then x(<5^(a)) = x(C s g+* (A)). 

Proof. The subposets {AT £ G 5 p+. +rad (A) | Ck{A) ^ A'} and {K £ G 5 p+»+rad(A) | 1 ^ Ck{A) ^ K} are identical 
so x(SSg(A)) = x(C s p+* (A)) by Corollary 3.21. (3). □ 

Example 3.23. When G = £7, p — 2, and A is any of the six abelian 2-regular subgroups of G, the reduced Euler 
characteristics of Corollary 3.21. (3) are 
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A 

x(C SPg+ .(A )) 

x(CU)) 

X({K | C k (A) % K}) 

X({K | 1 $C k (A)$ K}) 

\Cg(A)\ p 

We note that x(C 5 p+. (A)) and x(S/^j A ^) ma y n °t be equal, that both reduced Euler characteristics are divisible by 
the p-part \Cg{A)\ p , and that, in each column, the differences of Corollary 3.21. (3) between the first two numbers 
and the next two numbers are equal. 


1 

3 

3 

5 

7 

3x3 

160 

-8 

4 

0 

-1 

1 

160 

0 

2 

0 

-1 

-1 

-1 

3 

4 

-1 

-1 

1 

-1 

11 

2 

-1 

-1 

-1 

16 

8 

2 

2 

1 

1 


4. The orbit category of p-subgroups 

Write O g for the category of subgroups, H and AT, of G with morphism sets and automorphism groups 

O g (H, K) = N g (H , K)/K, O a (H) = N g (H)/H 

where N G (H,K) = {x £ G\H X < K} is the transporter set. In other words, O g is the finite El-category whose 
objects are the transitive G-orbits G/H and whose morphisms are the left G-maps G/H —> G/K between the 
orbits: The effect of a; £ N G (H, K)/K is G/H 9 gH —> gxK £ G/K for any g £ G. O v G is the full subcategory of 
O g generated by all the p-subgroups of G. 

4.1. Euler characteristic of the orbit category O g . Frobenius proved in 1907 that the number \G P \ of p- 
singular elements in G is divisible by |G| p [11, 17] [10, Corollary 41.11] [29, 11.2, Corollary 2], 

Theorem 4.1 (Frobenius 1907). |G| P | |G P | 

K.S. Brown proved in 1975 that the reduced Euler characteristic of the Brown poset Sq^* is divisible by |G| P 
[8, Corollary 2], This was later reproved with new arguments by Quillen [27, Corollary 4.2] or Webb [38, Theorem 
8 - 11 - 

Theorem 4.2 (Brown 1975). |G| P | x(iSq + *) 

In this section we give yet another argument for Brown’s theorem using the Euler characteristic of the orbit 
category O g . This argument will show that the two theorems of Frobenius and Brown are, in some sense, equivalent 
(and thus equivalent to the Sylow theorem). We finish the section by proving Theorem 1.1. 

Lemma 4.3. The number of p-singular elements in G is 

|G P | = 1 + £ (l-P~ 1 )\C\=p- 1 + £ (1-P -1 )|G| 

1<C<G 1<C<G 

where the sum is over all cyclic p-subgroups C of G. 

Proof. Declare two p-singular elements to be equivalent of they generate the same cyclic subgroup. The set of 
equivalence classes is the set of cyclic p-subgroups G of G. The number of elements in the equivalence class G is 
the number of generators of G: 1 if |G| = 1 and |C| — p _1 |G| if |G| >1. □ 


Let V be an elementary abelian p-group (or a finite dimensional vector space over the finite field F p with p 
elements). 


Proposition 4.4. The function 


ku 


is a coweighting for the orbit category O v 
Proof. The assertion is that 


|E| -1 dim 17 = 0 

(p — 1) | W| ~ 1 dim U = 1 
0 otherwise 


£ k Ui 

u x <u 2 


\u 2 \ 


= i 


for any subspace I /2 of V. This is easily verified. 

Let £}(/' J be the full subcategory of O v generated by all objects but the final object V. 


□ 
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Corollary 4.5. 


The Euler characteristic of O 


IhV) 

v 


is 


x(o 


[l,V)s 
V ) 


fo dim V = 0 
< p ~ 1 dim V = 1 
[l dim Id > 1 


Proof. Oy’ V ■* is the 0-object category when dim Id = 0 and the 1-object category given by the group Id when 
dimV = l. When dim Id > i ) x(o[ 1,v i) = x(G v ), because the coweighting for O v restricts to a coweighting for 
the right ideal Oy’^ * [19, Remark 2.6] and it has value 0 at the deleted object Id. Now note that as the category 
x(O v ) has a final object, its Euler characteristic is 1 [23, Examples 2.3.(d)]. □ 


Proposition 4.6. [19, Theorem 4.1] The function 


( |G| _1 K = 1 

k K = < |G| _1 (1 — p~ 1 )\K\ K > 1 cyclic 
I 0 otherwise 


is a coweighting for O g and the Euler characteristic 


x(O p G ) 


is the density of the p-singular elements in G. 


|Gri 

|G| 


Proof. The coweighting for O p G is the function 

_ -x(O p g //K) _ - x(Q p g//k ) 

* \[K]\\O g {K)\ \G:K\ 

defined for any p-subgroup K of G [12, Theorem 3.7]. There are equivalences of categories 

Ik : O k -> O g /K, i k : 0% K) O a //K 

On objects, Hix = IK G Ng(H,I\)/K = O g (H,K), for any subgroup H of K. We observe that there is an 
obvious identification of morphism sets, 


O k (H 1} H 2 ) = (0 G /K)(Hii K: H 2 i K ) 

and we use this identification to define ix on morphism sets. By construction, ix is full and faithful, and as it is 
also essentially surjective on objects, ix is an equivalence of categories. Finally, we have that 

X(0 [ ^ K) ) = x(0 [ y’ V) ) 

where Id = iv/$(/v) is the Frattini quotient of I\: There is, by the the proof of [12, Lemma 5.1.(c)], an adjunction 
between these two categories so that they must have the same Euler characteristics [23, Proposition 2.4], To arrive 
at the description of the coweighting we recall that the p-group K is cyclic if and only if its Frattini quotient is 
1-dimensional [13, Corollary 5.1.2] and use Corollary 4.5. Now the Euler characteristic, the sum of the values of 
the coweighting, can be computed thanks to the counting formula of Lemma 4.3. □ 


Proposition 4.7. [19, Theorem 1.3.(4)] The function 


-x(<W 

|G : H\ 


is a weighting for O g and the Euler characteristic is 


x(ol) = £ 

H 


-*(<*(*)) 

|G : H\ 


E 

[H] 


\o G m 


where the first sum is over the set of p-subgroups H of G and the second one over the set of conjugacy classes of 
such subgroups. 


Proof. Lemma 3.6 implies that the weightings for [O g ] and O g are 

k [K] k [K] 1 

I O g (K)\’ \O g (K)\ |G : Ng(K)\ 


where kf K ^ = — ^ ie weighting for S g /G. 


k [K] 

I G : K\ 


□ 
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By comparing the two expressions from Propositions 4.6 and 4.7 for the Euler characteristic of O g we obtain 
the global formula 


(4.8) 


E -x(S P o + g }h))\H\ = \G p \ 

#esg +rad 


For our purposes it will be convenient to isolate the contribution from the trivial subgroup and rewrite Equation (4.8) 
on the form 


(4.9) 


\G P \ + x(Sq + *) + 


E 


|G| 

\O g {H)\ p \O g (H)\ p , 


= 0 


that will allow us to verify that the theorems of Frobenius and Brown are equivalent. 


Theorem 4.10. Given relation (4.9), Frobenius’ Theorem 4.1 and Brown’s Theorem 4.2 are equivalent. 


Proof. Assume first that Frobenius’ Theorem 4.1 holds. In Equation (4.9), we may assume that 

• /\O g (H)\ p is an integer when H is nontrivial (as part of an inductional argument) 

• \G\/\O g (H)\ p ' is an integer divisible by |G| P (as \O g (H)\ divides |G|) 

Thus every term in the sum is divisible by IGL and so is IGJ by assumption. We conclude that y(iS?. + *) is divisible 
by \G\ P . This is Brown’s Theorem 4.2. 

Next assume that Brown’s Theorem 4.2 holds. In Equation (4.9) 

• \G\/\O g (H)\ p ' is an integer divisible by |G| p 

• X( S o + *(h))/\°g(H)\ p is an integer 

• x(iSq + *) is divisible by \G\ p 

and thus |G| p divides for \G p \. This is Frobenius’ Theorem 4.1. □ 


See [16, Theorem 6.3] for one direction of Theorem 4.10 in an even more general context. 


Example 4.11. Let K £ Lie(p ) be a finite group of Lie type in defining characteristic p. Then K = O p Cj^(a) 
is the subgroup of G^(cr) generated by its p-singular elements where (A', er) is a cx-setup for K [14, Definitions 
2.1.1-2.2.2]. We shall assume that K = E(g) is an untwisted group of Lie type [14, Definition 2.2.4] and investigate 
Equations (4.8) and (3.3) in this case. 

Let (E,n) be the root system for the simple algebraic group K over F p . Write r(E) for the rank of E and E + 
for the set of positive roots. For any subset J of the set II of fundamental roots, there is an associated parabolic 
subgroup Pj [14, Definition 2.6.4] and Pj = Ujyt Lj, Uj = O p (Pj), Pj = N k (Uj) where Lj is the Levi complement 
[14, Theorem 2.6.5]. 

We first note that 

(4.i2) -x(^t; )) = ( -ir (E )?' i:+ ' 

because is homotopy equivalent to the building of E (q) [27, Theorem 3.1] which, by the Solomon-Tits theorem 

[1, Theorem 4.73], has the homotopy type of a wedge of gl s+ spheres of dimension r(E) — 1. Since the Borel-Tits 
theorem tells us that any E(g)-radical p-subgroup of E (q) is conjugate to precisely one of the subgroups Uj [14, 
Theorem 3.1.3, Corollary 3.1.5], the identity 

|E(«) P |= E-X(0I^H S (9) : ^I 

Jen 


is the manifestation of Equation (4.8) for G = E (q). Here, 


-x(S%*)\Uj\ = {-T)\ j \\Lj\ p \Uj\ = (-l) |J| |Pj|p = (-l)' J ' g ' s+ l 


where E + is the set of positive roots of E. This follows from Equation (4.12) because Mj = O r ( Lj ) is a central 
product of groups from Lie{p) [14, Theorem 2.6.5.(f)] and ^x(5 ? ( + *) is a multiplicative function [19, Theorem 6.1]. 
Since also, 


|£(g) = PA = 


I Pu : P 0 


I Pj ■ P 0 

we conclude that Equation (4.8) for E(g) has the form 


KB(E, n) 
KB(E, J) 


(4.13) 


|2(g) p | = 9 |S+I 


Jen 


KB(E, n) 
KB(E, J) 
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Lemma 4.15 now implies that |E(q , ) p | = q I s ! = |E(g)|p. (See below for the notation used here.) Similar arguments 
show that Equation (3.3) with G = E(g) specializes to 


(4.14) 


EM )'- 71 

Jen 


KB(S, n) 
KB(E, J) 



where we used that — x(<S>£]j"*) = ( — l)! 17 ^ 1 ^- 


Let (E,n) be a reduced crystallographic root system with fundamental roots II. Put KB(E) = JIM] where d 
runs through the set of degrees for the Weyl group W(E) [9, §9.3, Proposition 10.2.5] and [m] € ZJX], m > 1, is 
the polynomial 


[ to ] 


X m - 1 

X- 1 


1 + X + • ■ ■ + x m ~ 


1 


Thus KB(E) = \K : B\ where B is the Borel subgroup of K = E (q) and KB(A m ) = [2] • • • [to+ 1], for instance. More 
generally, for any set J C n(E) of fundamental roots, set KB(E, J) = J1 KB(E^) when the orthogonal decomposition 
of the root system Ej = E n R J spanned by the fundamental roots in J is (J E* for irreducible root systems Ej [14, 
Definition 1.8.4]. Thus KB(E,II) = KB(E). We let KB(E,0) = 1 by convention. 


Lemma 4.15. [9, Theorem 9.4.5] For any reduced crystallographic root system. E 


£(-i) |J| 

Jen 


KB(E, II) 
KB(E, J) 


X |W| 


In the concrete case where the root system E = A m _i, Lemma 4.15 and Equation (4.14) give two prototypical 
combinatorial identities involving Gaussian multinomial coefficients [33, §1.7] 


E 

(mi r ..,mfe)GOP(m) 


(- 1 )* 


TO 


[mi],-- - , [m k \ 


= A'O?) 


(mi,. 


E 

.,m t )60P(m( 


MM 


TO 


[mi],- - • , [to*,] 


x^rs) = i 


where the sums run over the set OP (to ) of the 2 m 1 ordered partitions of to. 

Experiments indicate that Equation (4.12) holds also for Steinberg and Suzuki -Ree groups when we replace r(E) 
with the twisted rank r(E) [14, Proposition 2.3.2, Remark 2.3.3]. 


Example 4.16. The exponential generating function for the integer sequence n —* |(E„) p | counting the number of 
p-singular permutations of n things is [34, Example 5.2.10] is the Artin-Hasse exponential 


Ekw*t = Ex(°£>" = ex p(*+- + a V + --- + ;r ^ + ---) 

z ' r?.i z ' n r) 


The sequence |(E n ) 2 | begins with 1,2,4,16,56,256,1072,11264, 78976,672256 for 1 < n < 10 (OEIS A005388). 

The p-radical subgroups of the symmetric group are described in [3, §2] and [24, Lemma 2.2] as follows: Let 
r = (ci, c 2 ,. •.) be a finite sequence of natural numbers Ci > 0. Define the degree at p of the sequence r to be 

deg p r = r 

The set <S£ + * +rad /E rl of conjugacy classes of nonidentity E n -radical p-subgroups is in bijective correspondence with 
the set of nonempty multisets R = {ri,r 2 ,...} of finite sequences r t such that deg p 't\ < n. There are extra 
restrictions, somewhat ignored in [3, 24], in case p = 2 or p = 3 since (^(^n) is nontrivial (only) for n = 2,4 and 
03 (E n ) is nontrivial (only) for n = 3. In case p = 2 we must also demand that 

• n—J2i degp Vi does not equal 2 or 4 

• none of the sequences (1), (1,1),... has multiplicity 2 or 4 in the multiset R 
and when p = 3 we must also demand that 

• n degp Vi does not equal 3 

• none of the sequences (1), (1,1),... has multiplicity 3 in the multiset R 

The correspondence of [3, §2] sends the multiset R = {n, r 2 ,...} to the p-radical subgroup Ar = 1 x A ri x A r2 x • • • 
where 1 is the trivial subgroup of the symmetric group on n — deg p r t elements and the A,,.s are certain (iterated) 
wreath products of elementary abelian subgroups. We can now fill out the table 
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R 

Ar 

Ar 

N-£ n (A R )/A R 

fcAsl 

D n : ^Ve„(Ar) 

{( 1 , 1 , 1 )} 

Ai l A 1 1 A 1 

128 

GL 1 (F 2 ) x GL 1 (F 2 ) x GL 1 (F 2 ) 

1 

315 

{( 1 , 2 )} 

A 1 1 A 2 

64 

GL 1 (F 2 ) x GL 9 (F 2 ) 

-2 

105 

{( 2 , 1 )} 

A 2 l Ai 

32 

GL 2 (F 2 ) x GL 1 (F 2 ) 

-2 

210 

{( 2 ), ( 1 , 1 )} 

A 2 x Ai l A\ 

32 

GL 2 (F 2 ) x GL 1 (F 2 ) x GL 1 (F 2 ) 

-2 

210 

{( 2 ),( 2 )} 

A 2 X A 2 

16 

GL 2 (F 2 ) l e 2 

16 

35 

{(3)} 

^3 

8 

GL 3 (F 2 ) 

8 

30 

{( 1 )} 

1q x A\ 

2 

E 6 x GL 1 (F 2 ) 

16 

28 

0 

Is 

1 

d 8 

-512 

1 


of 2-radical subgroups of Eg. With computer assistance it is possible to determine the table (S Ss (A Rl [Ag])) and 
then read off the weighting k^ K 1 for l $ 2 + rac y 5 ] g (Definition 2.6) as the solution to the linear equation (3.7) 


/ 1 

0 

0 

0 

0 

0 

0 

°\ 


( 1 \ 



3 

1 

0 

0 

0 

0 

0 

0 


-2 


1 

3 

0 

1 

0 

0 

0 

0 

0 


-2 


1 

3 

0 

0 

1 

0 

0 

0 

0 


-2 


1 

9 

0 

6 

6 

1 

0 

0 

0 


16 


1 

21 

7 

0 

7 

0 

1 

0 

0 


8 


1 

45 

15 

15 

0 

0 

0 

1 

0 


16 


1 

\ 315 

105 

210 

210 

35 

30 

28 

1 


\ —512 / 




In particular, —x(«S|;+*) = —512 and —x(<Sgl*(f 2 )) = 8 (agreeing with Equation (4.12)) and 

|S 8 ||X(0| S )I = E : ^s(^)I|Ar| = 11264 

[• Ah ]>1 

correctly counts the number |(Ss) 2 1 of 2-singular elements in Eg (Propositions 3.2, 4.7). 

It is, however, still unclear how to continue the computer generated sequence 


n | 3 4 5 

6 

7 

8 

9 10 

11 

12 

13 

14 

15 

X(S|+*) | 3 1 -15 

-15 

161 

513 

-639 -7935 

-20735 

235521 

3244033 

2232321 

-190068735 


of Euler characteristics of the Brown posets at p = 2 for the symmetric groups. It is possible that the methods of 
[25] can be used to extend the sequence a little longer. The generating functions x(S T ^A*)x rl are unknown. 

4.2. Euler characteristics of centralized subcategories of O g . Let A be a group acting on G from the right. 
The centralized subcategory Co G (A) of O g has objects, morphism sets, and automorphism groups 

Ob (Co g {A)) = C OH o g) (A) = {K<G | [K,A] < K) 

Co a (A)(H,K) = Co g (h,k)(A) = {g G N g (H,K) \ [g,A] < K}/K 
Co g (A)(K) = C 0g(K) (A) ={ge N g (K) | \g, A] < K}/K 

The category 0^ G A ^ is defined to be the subcategory of the centralized subcategory with the same objects but with 
morphism sets, and automorphism groups 

0(g,a)( h > k ) = C Ng (h,k)(A)/C k (A), 0 (Gi a)( h ) = C Ng (h)(A)/C h (A) 

and with composition Cn g (h,k){A)/Ck{A ) x Cm g (k,l){A)/Cl{A) -a Cn g (h,l){A)/Cl(A) induced by composition 
in G. This is well-defined for if k G Ck(A ), y G Cn g (k,l){A) then k ya = k ay = k v so k v G Cl (A). 

Let [K\ be the set of objects in Co (A) isomorphic to the object I\. There is a bijection 


{g G N G (K) | \g, A] < K }\{ 5 G G \ [g, A] < K} 


I< -A K g 


m 


between [ K] and the orbit set for the free left action of the group {g G Nq(K) | [g, A] < K} on the set {g G G | 
[ 5 , A] < K}. Indeed, if g G G and conjugation by g is an isomorphism K -A K 9 in Cq g (A), then K 9 is normalized 
by A and [g, A] < K as we have the commutative square 

9 


K 


K 


-> K 9 
a 

-> K 9 


9 
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in O g . Conversely, if g £ G and [< 7 , .A] < K , then K 9 is normalized by any a £ A as K ga = K ag = K 9 and the 
above diagram commutes. 

The free right action of Ng{K)/K = O g (K) on G/K, gK ■ xK = gxK for g £ G, x £ Nq(K), restricts to a free 
right action of Cn g (k)/k{A) = Gq g (k){A) on Cg/k{A). The number of orbits for this action equals the number 
| [A"] | of objects of C^p (A) isomorphic to K. To see this we note that 


\Cg/k(A)\ 


\{geG\\g,A)<K}\ 

\I<\ 


\C Ng {k)/k{A)\ = 


1{ 9&N g (K) I \g,A]<K}\ 

\K\ 


and thus 
(4.17) 


= \{geG\[g,A}<K}\ 

11 Jl \{geN G (K)\\g,A]<K}\ 


For later use we record that 


\Cg/k{A)\ 

\C Ng (k)/k{A)\ 


\Cg/k(A)\ 

\Go g (k){A)\ 


(4-18) \[K]\\Co a (A)(K)\ = \[K]\\C 0g( k)(A)\ = \C g/ k(A)\ 

for any object K of Co G (A). Under the additional assumptions that A centralizes K and the order of A is prime 
to the order of A', [A', A] = 1 and (\K\, |A|) = 1, we have that [g,a] < K <*=> [g,a] = 1. To see this, note that if 
g £ G and [<g , a] < K then, in fact, [ g , a] = 1 is the neutral element of G as the order of [ g , a} divides | Af| since it is 
an element of K and also divides the order of A as [g,a 9 ] = [g,a] 9 for any j > 0 [28, 5.1.5.(ii)]. We conclude that 

(4.19) \[K]\\Co g (A)(K)\ = \C g/ k(A)\ = \{ 9 £G\[g,A]<K}\ = \Cg(M = . R] 

when [AT, A] = 1 and (|A"|, |A|) = 1. 

By using nonabelian cohomology groups we can get a similar result in a slightly different situation. 


Corollary 4.20. 0^ G = C 0 p (A) when A is p-regular. 

Proof. The map Cm g (h,k){A ) —> Cn g (h,k)/k{A ) is surjective: Let x £ Ng{H 1 K) and suppose that the image of 
x in Ng(H,K)/K is centralized by A. Define a function A —>• K : a -» k a by x a = xk a ■ As k ai a 2 = k 02 this a 
nonabelian 1-cocycle [30, §5]. But H 1 (A ; K) = {*} [30, Exercises p 59] so there is £ £ K such that k a = i£~ a . Then 
x£ is centralized by A. This implies that 0^ G ^(H, K) = Cn g (h,k){A)/Ck{A) = Cn g (h,k)/k(A) = Co G (A)(H, K) 
for any two A-normalized p-subgroups H, K < G. □ 


As a special case, suppose that V is a finite dimensional F p -vector space V and A < GL(U). The objects of 
the category 0^ VA ^ are the F p [A]-submodules of the F P [GL(V)]-module V. The set of morphisms between two 
F p [A]-submodules, U\ and U 2 , is 


(4.21) Co v {A)(U u U 2 ) 

V is the terminal object in 0 ( V A .. 


C v (A)/C U2 (A) U,<U 2 
0 Ui i U 2 


Proposition 4.22. Let A be a finite group acting on the finite dimensional F p -vector space V. The function 

( |CV(A )| -1 dim U = 0 

hp-l)\C v (A)\- 


ku = 


dim U = 1 = dimC'iy(A) 
otherwise 


is a coweighting for 0^ VA y 


Proof. Let U 2 be an F p [A]-submodule of V. Then 

E k Ul \o {v>A) (u 1 ,u 2 )\ = E k Ul \o iv>A) (u 1 ,u 2 )\= e ku ^w^as\= E C 3(A) = 1 

U\<U 2 Ui<Ca 2 (A) lh<Cu 2 (A) 1 U A >' Ui<Cu 2 (A) 

[A,!7i]<C/i 

since 

• ku 1 7 ^ 0 =7> U\ = CuM) 

• if Ux < C U2 (A) < U 2 then Co v {A)(U\,U 2 ) = C V {A)/C U2 {A) = 0 Gv(a) {U u C U2 {A)) (4.21) 

• kui \Cu^(A)\ * s cowe ighting k^ 2 ^ on 0 Cu ^ from Proposition 4.4 

This shows that the function k, is a coweighting on 0^ v A y □ 
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Let be the full subcategory of 0^ v generated by all its object but the final object V. 

Lemma 4.23. Let A be a finite group acting on the finite dimensional F p -vector space V. Then 


X( 0 (v,'a ) )) = j P 1 


dimV = 0 

diinF = 1 = dimCV(A) 
otherwise 


Proof. If dimF = 0, is the 0-object category which has Euler characteristics x = 0. If dimF = 1, 

is the 1-object category of the group Cy{A) so its Euler characteristic is p _1 if A acts trivially and 1 if not. If 
dim V > 1, x(C , [y'2)) = X(0(VA)) because the coweighting for 0 ^ v (Proposition 4.22) restricts to a coweighting 

for the right ideal [19, Remark 2.6] and it has value 0 at the deleted object V. But clearly, x{®(y a)) = 1 as 

this category has a final object. □ 

Example 4.24. When A is p-regular, Ofy A ^ = Cq v (A) by Corollary 4.20. However, when p = 2, V = has 
dimension 2, and A = S 2 < GL(F) has order 2, then x(C 0 [i,vj(A)) = \ and x(P{y A )) = T Thus these two 
categories are not equivalent. 


Proposition 4.25. Consider the centralized subcategory Cq^A) and its subcategory 0^ G A y 

(1) The function 

-x(C l o' v) (A)) 

k «= |e c/ ;(A,| ■ r-WW 

is a coweighting for the centralized orbit category Cqv (A). 

(2) The function 

(\C g (A)\-i K = 1 

kx = < |Cg(A)| _1 (1 ~P~ 1 )\K\ K > 1 cyclic 
y 0 otherwise 

is a coweighting for 0^ G A ^ and the Euler characteristic 

Y(oP ) _ \Cg{A) p \ 

U U (g,a))- \c g{a) \ 

is the density of p-singular elements in C g (A). 


Proof. Let K be an A-normalized p-subgroup of G. Any morphism xK € Cn g (h,x)/x{A) = Cq-^{A){H,K) is 
isomorphic in C 0 p(A)//R' to K £ C Ng ( H *,k)/k(A) = Cqp ; (A)(H x , K). This observation shows that that there 
are category equivalences 


Cq k {A) -> Cqv g (. A)IK , C o[ i, K) (A) C 0 v g ( A)//K 

and, using (4.18), it follows that 


k K = 


^x(C n i},K)(A)) -x(C nA v)(A)) ~x(C 0 [i,v)(A)) 


V = V(K), 


\[K]\\Cq g (A)(K)\ \[K\\\Cq g (A)(K)\ \C g/k (A)\ ’ 

is a coweighting for Cqp^(A) according to (equivariant versions of) [12, Theorem 3.7, Lemma 5.1.(c)]. Here, V = 
V{K) = K/$(K) is the Frattini quotient with its inherited A-action. 

Similarly, there are equivalences of categories 


®{K,A) 0(G,A)/k, 


and we get the coweighting for 0^ G A ^ 


kx = 


^1) 0 (g , A) //K 


-x(o[S)) 


-x(o|S)) 

\[K]\\0 {ga) {K)\ \C g {A):Ck{A)\ 


as there are \[K]\ = |Cg(A) : Cn g (k){A)\ objects of 0^ G A j isomorphic to K. Since I\ is cyclic if and and only if 
its Frattini quotient V = V(K) is cyclic [13, Corollary 5.1.2] we see from Lemma 4.23 that kx is concentrated on 
the cyclic p-subgroups normalized by A , in fact on the cyclic p-subgroups centralized by A. Here we use that if A 
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centralizes V(K) then A centralizes K [13, Theorem 5.3.5]. The coweighting takes value k\ = |Gg(A)| 1 at the 
trivial subgroup and value 

kc = | Cad) ■ C\ = ]Cg(A )\ {1 ~ P 1)|C| 

at a nontrivial cyclic subgroup C centralized by A by Equation (4.19). The counting formula of Lemma 4.3 now 
finishes the proof. □ 


Example 4.26. Let p = 2, G = £ 4 , and A = ((1, 2)(3,4)) = C 2 . Then A is not p-regular, the coweighting for 
C 0 p (A) is not concentrated on the cyclic subgroups, and x(G 0 p (A)) = 2/3 does not equal the density, 1, of the 
p-singular elements in Cg(A) = D s . Thus C 0 p (A) and 0? G are not equivalent. 

It is a curious fact, in contrast to the situation for Brown posets (Corollary 3.21. (3)), that the centralizer 
subcategory of the orbit category, C 0 p (A), and the orbit category of centralizer subgroup, Gg g (. 4 )’ have the same 
Euler characteristics when A is p-regular (Propositions 4.6 and 4.25). 


Proposition 4.27. Consider the centralized subcategory Cqp^ (A) and its subcategory 0^ G A y 
(1) The function 


k H = 


-x(c< 


o a (H) 


(A)) 


\Cg/h{A)\ 

is a weighting for Cqp^ (A) and the Euler characteristic is 

-X(C S P + . (A)) - X{C SP+ . (A)) 

where the first sum runs over the set of objects H of C 0 p+rad (A) and the second one over the set isomorphism 
classes of such objects. 

(2) The function 

-X(C' 5 P+. (A)) 

,H = °gW 

|Cg(A) : Ch{A) I 

is a weighting for 0^ G A ^ and the Euler characteristic is 

~X(C S p+. (A)) ~X(C S P+. (A)) 

^ \C g (A) : C h (A)\ fa \0 {G . A) m 

where the first sum runs over the set of objects H o/C^p+rad (A) and the second one over the set isomorphism 
classes of such objects. 


Proof. As in the nonequivariant case [12, § 8 ] there are homotopy equivalence of categories 


H/C 0 p g (A) C s p o(h) (A), H//C 0 p g (A) C 5 p+, h) (A) 

which takes gK £ C Nc j H K y K {A) to the nonidentity [28, 5.2.4] A-normalized subgroup Ngx^Th)/H of Ng{H)/H. 
This subgroup is indeed A-normalized because if [< 7 , A] C K then g~ 1 a = kag -1 for some k £ K. Then ( 9 K) a = 
K 9 a = K kag = I\ ag = K 9 = g K for any a £ A. It now follows from [12, Theorem C] and Equation 4.18 

that the function 


k H = 


-x(c s 




(A)) 


\[H]\\Co aW (A)\ 
is a weighting for Cqp (A). Lemma 3.10 shows that the k H 
Similarly, there are homotopy equivalence of categories 


\Cg/h{A)\ 

0 unless H is G-radical p-subgroup of G. 




UIIO\ aM -» 


and the function 

-X(C S -+* (A)) 

7 ,H ° G («) 

-x(g 5 p +gV) (A)) 



\[H]\\o {G>A) (H)\ 

\Cg{A)-.C h {A)\ 


is a coweighting for 0^ G A ^. 



□ 
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We can now the generalize the global formula below Proposition 4.7 to an equivariant situation. 

Proof of Theorem l.l.(l). The equation 

\C G (A) p \ + £ x(CW* (A))\Ch(A)\ = 0 

H °G ( H) 

simply states that the Euler characteristic of 0^ G A y the density of the p-singular elements in Cg{A) (Proposi¬ 
tion 4.25. (2)), is the sum of the values of the weighting from Proposition 4.27. (2). □ 

The equation of Theorem l.l.(l) can be reformulated as 


E 


kWC sP+ ^(A)(l,[K])\C K (A)\ = | C g {A\ 


K&C +ra . d (A)/N G (A) 


where by Proposition 3.13 


( C^{A){H ,, [K])) 


H.KeC p+rad (A)/N G (A) 

S G 


( 



(\\ 

k m 

= 

1 

V 

/ 


w 


and C 5 p+rad(Al)(l, [A']) is the length of the A+A+orbit through I\ £ C SP +^d (A). The weighting values are A+l = 
— x(C<tp+* (A)) by Lemma 3.11; in particular, fcM = —x(C, P +. (a!)). 

C> N g (K)/K °g 

Example 4.28. Let p = 2 and G = £5 the symmetric group on 5 things considered as an A = (( 1 , 2,3))-group with 
conjugation action. The centralizer Cq{A) = A x ((4,5)) is cyclic of order 6 and contains 2 = IC+A+I 2-singular 
elements. The poset of Abnormalized 2-subgroups 

C S 2 +twi(A) = {H 4 , H 3 , H 2 , = {((1,4)(2,3), (1,3)(2,4)), <(1,2)(3,5), (1,3)(2,5)), ((4,5)), (1)} 

consists of four subgroups: H 3 and H 4 are four-groups, H 2 is 0 2 Cg(A ), and H 1 is the trivial subgroup. The 
orbits for the l\ r G(^4)-action on C 5 2 +rad(Al) are {H 3l 7L 4 }, {H 2 }, {Hi}. The weighting k} H 1 = —x(C 5 2 +. (A)) for 

G Nq (H)/H 

Cs 2 +rad (-^4) /Nq (-T) is the solution to the linear equation 



and the vector {\Cjji (^4)|)i= 3 , 2 ,i is (1, 2,1). The sum on the left hand side of the equation of Theorem 1.1. (1) is 

• | [H 3 ] | • \ChM)\ + k [H2] ■ \[H 2 ]\ ■ \ChM)\ + k [Hl] ■ |[i?i]| • \C Hl (A)\ = 1-2-1+ 1 ■ 1-2+ (-2) • 1 • 1 = 2 

which indeed equals the number \Cg{A) 2 \ of 2-singular elements of Cg{A). Alternatively, Equation (1.2) applied 
directly to Cg(A) = Cq has the form 


E -X( S c + g U/h)\ h \ = -x(S 2 cT)\C 2 \ = 1 - 2 = \C G (A) 2 \ 


HgS: 


2+rad 
C G ( + ) 


as S£ rad = {O 2 C* 6 } has but one element. This shows that the these two formulas are quite different from one 
another. 


Example 4.29. Let K = SL m (F ? ), m > 2, and K = SL m (F g ) where q is a power of p. The involutory graph 
automorphism 7 of K or K maps g to A~ 1 {g t )~ 1 A where A is the (to x m)-matrix with (+1, — 1,..., ±1) in the 
diagonal from upper right to lower left corner [14, §2.7]. Let II denote the set of fundamental roots of the root 
system E for the algebraic group SL m (F p ). Let r be the linear automorphism of R m given by aj = — where 

at is the standard basis vector. Then af = ot m -i and x Q (t ) 7 = x a -r(t) where a £ II is any fundamental root and 
x a the root group parameterization [14, Definition 1.9.4]. 

The centralizer C S L ro (F„)(7) of 7 in A m _i(g) = SL m (F 9 ) is B^ m _ 1 )/ 2 {q) = SO m (F g ) < SL m (F,) if to is odd and 
C m / 2 ( 9 ) = Sp m (F 9 ) < SL m (F 9 ) if to is even [14, §2.7]. It seems to be well-known, although I have not been able 
to find an explicit reference in the literature, that in fact there is a an isomorphism of posets 


C^p+rad (7) 
SL m < F <!) 


5: 


p+rad 


C< 


SL m (F 


,)(t) 
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induced by the map Pj —> Cp s (7) defined on the set of standard 7-invariant parabolic subgroups Pj where J C II 
is any r-invariant set of fundamental roots. Consequently, 


X(C' 5 p + * + ra d (7)) — 


r X (S p+ * +Iad , 

/VV ^SO m (Fq) y 


odd 


m even 


and the equivariant relations of Theorem l.l.(l)-(2) for the centralized subposet CCp+rad (7) are simply the 


SL m ( F g) 


corresponding nonequivariant relations for (f ^ and <Sg+*( F ^ studied in Example 4.11. 

This section ends with two proofs of Theorem 1.1. (3). The first proof is similar to that of Theorem 4.10, and the 
second one is simply a rewriting of Quillen’s proof of Brown’s theorem [27, Corollary 4.2]. 


Proof of Theorem 1.1.(3) using l.l.(l). According to Theorem l.l.(l), 


\C g {A) p \ + x(CWA)) + £ x(C' 5 P + , (A))|C*(A)| = 0 

G H*1 g(H) 

with summation over all nonidentity A-normalized p-subgroups of G, or, equivalently, 

x(C 5 p+. (A)) 

|G G (A) p | + x(G 5 p + .(A))+ ]T 10 ?mi i CG ^i = ° 

[H]^[ 1 ] ^(G,A)y U )\ 


with summation over all isomorphism classes of objects of 0 P G * A y 


Write each term of the sum as a product 


x(G 5 p+» (A)) 


x(c ^ + g V) (A)) \Cg(A)\ 


of two factors. Both these factors are integers. The first factor is an integer because, by induction, we may assume 
that |Go G (tf)(A)| p = \Co a {A)(H)\ p divides the numerator. Then also \0^ G A ^{H)\ P divides the numerator as the 
automorphism group of H in 0^ G A ^ is a subgroup of the automorphism group of H in Cq g (A). The second factor 
is an integer because the automorphism group of H in 0^ GA s is a subquotient of G g (A). This second factor is 
clearly also divisible by |C G (A)| P . 

We now know that |G g (A)| p divides the sum. As it also divides the number |C G (A) p | of p-singular elements in 
G g (A) by Frobenius’ Theorem 4.1, we conclude that it divides the reduced Euler characteristic of the A-centralized 
Brown poset C 5 j>+. (A). □ 


Proof of Theorem 1.1.(3) following Quillen [27]. Let B be any nonidentity p-subgroup of C g (A). Consider the B- 
poset Y = sd G s p+.(A) that is the subdivision of the A-centralized Brown poset. Then x(Y) = x(G 5 p+*(A)). 
Define 

Y'= U CVW 

xes* 

be the subposet of Y consisting of all elements y GY with a nontrivial isotropy subgroup B y . Define Z to be the 
subposet of Sg x Y' given by 

Z = {(A', y) € S* B X Y' | C Y (X) 9 y} = {(A, y)eS%xY'\X< B y } 

of pairs (X,y), 1 < X < B, y G Y', such that X fixes y, or, equivalently, A' is contained in the isotropy subgroup 
at y. When 1 < A < B, 

{y&Y 1 I Gr (A) 9 y} = Gy (A) = sd G c (a) (A) 

S G 

is conically contractible: H < XH > X. When y £ Y ', 

{Ae^ (A, y) £ Z} = {X £ S% \ X < B y } = S* By 

is contractible because B y is the largest element. Now [27, Corollary 1.8] (a variant of Quillen’s Theorem A) shows 
that Y' , Z , and S B are homotopy equivalent; in fact, they are contractible as S B , with largest element B , is so. 
It follows that the reduced Euler characteristic x(Y) = x(D. *) = x(X,Y'). This relative Euler characteristic is 
divisible by \B\ because B acts freely on Y — Y'. □ 


Corollary 4.30. Let A be a p-regular group acting on G. Then 

X({I< £ G 5 p+.(A) | C k (A) ± K}) = X ({K £ C 5 p+.(A) | 1 $ C K (A) $ K}) mod |C G (A)| P 
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Proof. By Corollary 3.2 1.(3), the difference between these two integers is the difference between the reduced Euler 
characteristics of the centralizer subposet and the poset of the centralizer subgroup, both of which are divisible by 
\C G (A)\ p (Theorems 4.2 and 1.1. (3)). □ 

5. Conjectures of Alperin and Knorr-Robinson 
This section contains a brief comment on the Alperin Weight Conjecture. 

Definition 5.1 (KRC P and AWC P ). The finite group G satisfies the 

• Knorr-Robinson conjecture at p if [20, 37] 

X i{S p +\G) = k{G)-z p {G ), 

• Alperin weight conjecture at p if [2] 


-X 2 (S p g + *,G) = z p (G) 


k P ' (G) = E z p (N g (P)/P) 


[p]esg +rad /G 


jp+iad jg of conjugacy classes [P] of G-radical p-subgroups P of G. 


where the sum runs over the set Sf : 

The two conjectures are equivalent in the sense that [20] [37, Thm 3.1] 

MH G Sq : KRC p {N G (H)/H) MH e Sq : AWC P (N G (H)/H) 

for the given finite group G. 

It is sometimes possible to verify the Knorr-Robinson conjecture by machine computations as we have seen that 
KRC p (G) is equivalent to any of the following three equivalent conditions 

(5.2) £ 5 2 (S p g + *,G)(x) = ~z p (G) 


[*]e[G] 


(5.3) 


(5.4) 


E MS P g + *,G)(C) 


[C]esg ,+cy 7G 


Sxec-{i} |Cg(*)|) 

\NM\ 


= - z P {G ) 


E 


HC s , + .(A))j|4A = -z r (G) 


where 


In Equation (5.2), quoting Equation (2.12), the value at x € G of the reduced class function a 2 (5g, + *, G) is 

x(C S P+,({x,y))) 


a 2 (S p g + *,G)(x)= E 


\G g ((x, y))\ 


= Xi(C s p+,{x),C g {x)) = x(sd(C' 5 p+» (x)) / C G (x)) 


[j/]e[c G (x)] 

and Sq*~* can be replaced by the smaller posets ( 5 P+*+ rad 0 f G-radical or l 5 P+*+ eab 0 f elementary abelian 
p-subgroups (Proposition 3.12, Definition 2.10, Equation (2.11), Corollary 2.14) 

• Equation (5.3), repeating Equation (3.16), uses the Artin coefficients, S 2 (5^ + *, G)(G), introduced in Corol¬ 
lary 3.15. (3) 

• In Equation (5.4) the sum runs over all conjugacy classes of p-regular abelian subgroups A of G (Corol¬ 
lary 3. 15.(1)) and C 5 p+.(A) may be replaced by G 5 p+. +eab(A) or C 5 p+»+rad(A) (Proposition 3.12). 

Example 5.5. KRC p (G) is true when G has a cyclic Sylow p-subgroup S [37, Example 1.4]. The discrete G-poset 
£P+*+iad j.-g^ G?_ se t N g (S)\G of G-conjugates of S, the discrete poset C s p+.+ ra d(a;) is the set C Ng (s)\ G (x) 

for any x £ G, and (the unreduced form of) Equation (5.2) takes the form 

E |CA g (S)\g(.t)/Gg(z)| = k(G) - z p (G) 

[x]e[G] 

in this special case. 

KRCp(G) is true also if O p (G) ^ 1 [37, Example 1.4]. This is because z p (G) = 0 by Ito’s theorem [10, Corol¬ 
lary 53.18] and y(G S p+»(A)) = 0 for all A in Equation (5.4) by Lemma 3.10. In particular the Knorr-Robinson 
conjecture at p is true for GL n (F 9 ) when p divides q — 1 as these groups have a central element of order p. The 
conjecture also holds for GL ra (F g ) when q is a power of p [36, Proposition 4.1] and for all solvable groups [37, p 
195]. 
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M 

1 

2 

3 4 

5 

6 

8 

8 

11 11 

E 

5 2 ( S £ + *, G ) 

0 

0 

1 0 

-1 

0 

0 

0 

-1 -1 

-2 

S 2 ( 5 g + *, G ) 

0 

1 

0 1 

-1 

0 

0 

0 

-1 -1 

-1 

5 2 ( 4 +*, G ) 

0 

0 

-1 1 

0 

-1 

-1 

-1 

-1 -1 

-5 

5 2 ( 4 1 + *, G ) 

0 

-1 

-1 -1 

3 

-1 

-1 

-1 

0 0 

-3 

Table 1. The reduced class functions a 2 ( So ^* 

, G ) for G = M 

11 

G 



1 

2 

3 4 

5 

6 

8 11 

. 

Z^i\Cg(x)\/\N g (C)\ 

0 

1 

1 4 

1 

8 

6 2 


a 2 { S 2 G + \ G ) 


320 

0 

1 0 

-1 

0 

0 -1 

-2 

a 2 ( S 3 G +*, G ) 


375 

-2 

0 1 

-1 

0 

0 -1 

-1 

a 2 ( S 5 G + *, G ) 


—296 

1 

2 2 

0 

-1 

-1 -1 

-5 

S 2 ( 5 “+*, G ) 


-1463 

6 

2 0 

3 

-1 

-1 0 

-3 


Table 2. The reduced Artin coefficients 02 ( S ^ + *, G ) for G = Mu 


We now use a computer to check Equations (5.2)-(5.4) in case of the Mathieu group G = Mu. The computations 
of Example 5.6 were carried out using Magma [5]. 

Example 5.6. The Mathieu group G = Mu of order |G| = 7, 920 = 2 4 • 3 2 • 5 1 • ll 1 contains k(G) = 10 conjugacy 
classes of orders (1,2,3,4,5,6,8,8,11,11) and 8 classes of cyclic groups of orders (1,2,3,4,5,6,8,11). There are 
z p (G) = (2,1, 5,3) irreducible complex representations of p-defect 0 for each of the prime divisors p(G) = (2,3, 5,11) 
of the group order. We now verify Equations (5.2)-(5.4) at all primes p £ p(G). 

Table 1 displays the values of the reduced class functions a 2 (<Sq + *,G) at each of the 10 conjugacy classes x. 
The column to the right contains the row sum. By Equation (5.2), KRC p (G) is true (as it is for p = 5,11 by 
Example 5.5) if and only if this column contains (— z p {G)) p&p ^g)- 

Table 2 shows the reduced Artin coefficients a 2 (Sq + *,G)(G) of Corollary 3.15.(3) at each of the 8 classes of 
cyclic subgroups G. The top row contains the vector with coordinates Exec—fi} \Gg{x)\/\Ng{C)\ (all nonnegative 
integers by Proposition 3.17). The column to the right shows the standard inner product of the row with the top 
row. For instance, the second row means that 

a 2 {S 2 +\G) = A . if + Ilf _ Iif _ iig, 0 ■ 320 + 1 • 0 + 1 ■ 1 + 4 • 0 + 1 • (-1) + 8 • 0 + 6 • 0 + 2 • (-1) = -2 

at the prime p = 2. (Recall from Corollary 3.15.(3) that the reduced Euler class function a 2 (S(^~*,G) is the linear 
combination of the Artin coefficients at [G] divided by \Ng{C) : C\ which here equals (7920, 24,12,4,4,2,2, 5).) By 
Equation (5.3), KRC P (G) is true (as it is for p = 5,11 by Example 5.5) if and only if the rightmost column contains 

(~^p(G))pgp(G) • 

Thirdly, the four tables of Figure 1 list, for each prime divisor p £ p(G), the p-part of the order of Cg(A), the 
Euler characteristic — x(G 5 p+. (A)) of the A-centralized subposet, the number <p 2 (A) of generating pairs of A, the 
length |G : Nq(A)\ of A, and, in the bottom row, the product of these last three numbers for each conjugacy class 
of abelian p-regular subgroups A of G; KRC p (G) is true if and only if the sum of the integers of the bottom row 
equals z p (G)\G\. (The row containing |Gg(A)| p plays no role here but serves to illustrate the divisibility statement 
of Theorem 1.1. (3).) 

In each of these four tables the sum of the numbers of the bottom row is z p (Mn)\Mu\ and thus Equation (5.3) 
holds for G = Mu for all primes p £ p(G). 

Similar machine computations demonstrate that KRC P (G) is true when G = Mu,M12,M22,M23,M24 is one of 
the five Mathieu groups or G = Ji, J 2 , J 3 one of the three first Janko groups and p is any prime divisor of |G|. 

6 . The orbit category 7t-subgroups 

Let 7 r is a nonempty set of primes. In this short section we consider the orbit category Oq of 7 r-singular subgroups 
of G. The arguments here will be minor variations of the ones used in the case considered above where n consisted 
of a single prime. 
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A 

1 


3 

5 

11 

3x3 





\Cg(A)\ 2 

16 


2 

1 

1 

1 





-X{C SI+ ,{A)) 

496 


8 

1 

1 

1 





<P2 {A) 

1 


8 

24 

120 

48 





\G : N g (A )| 

1 

220 

396 

144 

55 







496 

-14080 

9504 

17280 

2640 




4 


1 

2 

5 


11 

4 

8 

2x2 


\Cg(A)\ 3 

9 

3 

1 


1 

1 

1 

1 


-Ws 

3+ 

•(A)) 

-54 

-6 

1 


1 

-2 

0 

-2 


Fi (A) 

1 

3 

24 


120 

12 

48 

6 


\G:N g (A)\ 

1 

165 

396 


144 

495 

495 

330 





-54 

-2970 

9504 

17280 

-11880 

0 - 

-3960 


A 


1 

2 

3 


4 

6 

8 

11 

2x2 

3x3 

\Cg(A)\ 5 


5 

1 

1 


1 

1 

1 

1 

1 

1 

^X(C s a + ,(A)) 


-395 

-11 

1 


-3 

1 

1 

1 

1 

1 

V? 2 (A) 


1 

3 

8 

12 

24 

48 

120 

6 

48 

|G:1V g (A)| 


1 

165 

220 

495 

660 

495 

144 

330 

55 



-395 

-5445 

1760 

-17820 

15840 

23760 

17280 

1980 

2640 

A 


1 

2 

3 

4 


5 

6 

8 

2x2 

3x3 

\Ca(A)\ n 

11 

1 

1 

1 


1 

1 

1 

1 

1 

-X(C^ + .(A)) 

-143 

1 

1 

1 


-3 

1 

1 

1 

1 

<P2{A) 


1 

3 

8 

12 


24 

24 

48 

6 

48 

\G : N g (A )| 


1 

165 

220 

495 


396 

660 

495 

330 

55 


-143 

495 

1760 

5940 

- 

28512 

15840 

23760 

1980 

-640 


Figure 1. Tables for Equation (5.4) for G = Mu at p = 2, 3,5,11 

A left ideal in an El-category C is a full subcategory X of C if a € I, C(a,b) ^ 0 => b £ X for all objects a, b 
of C. Similarly, a right ideal is a full subcategory J of C if b G J, C(a,b) 0 =t> a £ J for all objects a, b of C. 
If X be a left and J a right ideal in C. Then 

(6-1) x(C)- X ( I) = Y X(C)~X(J)= Y kb 

aeC-l aeC-J 

where k * and k , are the unique isomorphism invariant weighting and coweighting on C [12, Theorem 3.7]. If the 
weighting is concentrated on X then \(C) = \{X) and if the coweighting is concentrated on J then \(C) = x(77'). 
With more sophisticated methods it is possible to generalize Corollary 4.5. 

Lemma 6.2. For any finite group K 

~ = f^(l A 1)/l A 1 K c V dic 

K 1^0 K noncyclic 

where (f> is Eulers f-function. 

Proof. The coweighting on the contractible category O k is ks = |AT| _1 J2a<b |A| p(A,B) [19, Theorem 2.18.(3)]. 
The subcategory 0'Y <> of proper subgroups is a right ideal so by Equations (6.1) 

1 = x(O k ) = x(o£’ K) ) + k K 

When K is not cyclic then kx = 0 by [22, Proposition 2.8] and the formula follows in this case. 

Next, assume that K is cyclic. For any subgroup H of K, H//0^' K ' > is the interval (1,K/H) in the poset S K , 
-X(H//0^' K) ) = —x(l, K/H) = -n(\K\/\H\) and 

-\K\x{ 0% k) ) = \K\ - \K\x(0% K) ) = Y h(\K\/\H\)\H\=^\K\) 

1 < H<K 


by classical Mobius inversion. 


□ 
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Lemma 6.3. The function 


k K = 

is a coweighting for O g and the Euler characteristic 


-x(Q 1 k’ K) ) 

I G : K | 


x{Oh) = 


|G| 


is the density of the n-singular elements in G. 


Proof. As we saw in the proof of Proposition 4.6, the category Oq/ /I\ = O g //K is equivalent to 0^' K ^ for any 
object K of Oq. This gives the coweighting by [12, Theorem 3.7] as | Oq(K)\\[K]\ = \Ng{K) : K\\G : Ng{K)\ = 
|G : K\. Now apply Lemma 6.2 to compute the Euler characteristic as the sum of the values of the coweighting. □ 


Lemma 6.4. The function 

H -x{H//S*q) 

\G : H\ 

is a weighting for Oq and the Euler characteristic is 

(n ir \ _ sr ^x{H/ /Sq) _ ~x(H//Sf.) 

G H% l G : H I [m U/G : 

Proof. The objects of the category H//O'q are left cosets gK where g is an element of G, K is a 7 r-singular subgroup 
of G, and H < 9 K. The functor H//Oq —> H//Sq taking gK to 9 K is an equivalence of categories since it is 
surjective on objects and bijective on morphism sets as {H//Oo){g\K\, 32 ^ 2 ) = Sq{ 91 92 K 2 ). This gives the 

weighting on Oq by [12, Theorem 3.7]. □ 

Lemma 6.5. The function k H = —\{H//Sq) = is the weighting on Sq. 

Proof. The Mobius function g, for S G restricts to the Mobius function for the right ideal S G . Thus the weighting is 
k H = /x(iJ, K). The weighting may also be expressed as — \{H//S G ) [12, Theorem 3.7]. □ 

We can now generalize Equations (3.3) and (4.8) to sets 7 r of maybe more than one prime. 

Corollary 6.6. For any finite group G, any set ir of primes, and any rr-subgroup H € S G of G, 

E -x{K//Sl) = 1, E -x( H //Sg)\H\ = \G„\ 

KGH/S£ 

Proof. The weighting for S G restricts to a weighting for the contractible left ideal H/S G . Thus 1 = Y^keh/s* k K = 
Y1keh/s^~x{^!/Sq) = J2[k]es^/k^g (H,[K])(—x(K//Sq)). This proves the first equation. Combine Lem¬ 
mas 6.3 and 6.4 to prove the second equation by computing the Euler characteristic of O g in two different ways. □ 


Corollary 6.6 shows that the linear equation 




/ 




(6.7) 

(sS(j?,[K]))„ JK|es . /G 

-X{K//Sh) 

= 

1 



\ 


ife5g/G 

w 


determines the weighting for = ~x(K//Sq ): S g /G —> Z for S g /G (Definition 2.6). The next proposition 
offers a sufficient condition for the vanishing of k/ K / 

Proposition 6.8. If H is a Sylow n-subgroup in G then H//S G is empty and — x(H//S G ) = 1. If H is not a 
Sylow n-subgroup of 0(G,H) = Pl/ceAy/S 7 ' Nq{K) then H//S G is contractible and —x(H//S G ) — 0. 

Proof. The first assertion is clear. In the second case, the assumption is that G possesses a 7r-subgroup L > H 
normalizing all 7r-subgroups K > H. But then K < KL > L is a contraction of H//S G . □ 

Example 6.9. The simple group G = GL 3 (F 2 ) of order 168 contains 12 conjugacy classes of 7r-subgroups where 
7r = {2,3}. The table 
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\H\ 

24 

24 

12 

12 

8 

6 

4 

4 

4 

3 

2 

1 

-X(H//S® 

1 

1 

0 

0 

-1 

-1 

0 

0 

0 

0 

4 

—48 

\G:N g (H)\ 

7 

7 

7 

7 

21 

28 

7 

7 

21 

28 

21 

1 

1 N g (H) : H\ n 

1 

1 

2 

2 

1 

1 

6 

6 

2 

2 

4 

24 


shows the orders and lengths of the conjugacy classes of 7r-subgroups H of G together with the weighting values 
k H = —x{H//Sq) and the 7r-part of \Ng(H) : H\. The criterion of Proposition 6.8 accounts for four of the six Os in 
the first row of the table and for the two Is at the Sylow 7r-subgroups (abstractly isomorphic to £4). These Euler 
characteristics were determined as the solution to the linear equation (6.7) 



1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 ) 


/ 1 \ 




0 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


1 


1 


0 

1 

1 

0 

0 

0 

0 

0 

0 

0 

0 

0 


0 


1 


1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 

0 


0 


1 


1 

1 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 


-1 


1 


1 

1 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 


-1 


1 


1 

3 

0 

1 

3 

0 

1 

0 

0 

0 

0 

0 


0 


1 


3 

1 

1 

0 

3 

0 

0 

1 

0 

0 

0 

0 


0 


1 


1 

1 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 


0 


1 


1 

1 

1 

1 

0 

1 

0 

0 

0 

1 

0 

0 


0 


1 


3 

3 

1 

1 

5 

4 

1 

1 

1 

0 

1 

0 


4 


1 

V 

7 

7 

7 

7 

21 

28 

7 

7 

21 

28 

21 

1 ) 


OO 

1 


u/ 


where the (12 x 12)-matrix is the table (Sq(H, \K})) H KeS ^+ rad , G . In particular, —x(l / /Sq) 
and x(S£ + *) = 1 - (-48) = 49. Since 


-XG$S + *) = -48 


^ -X(H//S&)\G : N G (H)\\H\ = 1 ■ 7 • 24 + • • • + (-48) • 1 • 1 = 120 

[H]eS^/G 


and G indeed contains 120 7r-singular elements the numbers of this table agrees with Corollary 6.6. 


An even more general form of the second formula of Corollary 6.6 was first proved in [16, Theorem 6.3]. In the 
table of Example 6.9 it happens that —x{H//Sq) ' s always divisible by the 7r-part of \Nq{H) : H |. This is no 
concidence as shown by the following generalization of Brown’s theorem. 


Theorem 6.10. [16, Corollary 3.9] | Ng{H) : H\ T | — x(H//Sq ) for any n-subgroup H of G. 

When 7 r consists of just one prime the Euler characteristic of H/ /Sq is a function of the quotient group Ng(H)/H 
(Proposition 4.7) but this is not true when 7 r has more than one element. 
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